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s Arithmetic Basics 3

Doing arithmetic, we do operations called additions, subtractions, multiplications, and
divisions. It can be said however, doing arithmetic, we do either of two operations, one is
addition, and the other is multiplication. How?

Subtracting a number, we can add the negative of the number.

For instance, we can have 2 -5=2+(-5) =2+ (-2) + (-3) =0 + (-3) = -3.
And we can have -7 -9 =-7 + (-9) = -16.
Sowehave2-5=2+(-5),and -7 -9 =-7 + (-9).

Thus, in general, we have A-B = A + (-B).

And we know that the negative of a negative is positive.
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So for instance, we get4 - (-2) =4+2=6,and-9-(-4) =-9+4 = -5,
Thus in general, we have A - (-B) = A + B.

What then about divisions?

Dividing by a number, we can multiply by the reciprocal of the number.

For instance, dividing 6 by 3, we can multiply 6 by 1/3, since 1/3 is the reciprocal of 3. Then,
we get 2, which is the quotient we get dividing 6 by 3. And we can take 2 as a product, too,
because it is the product we get multiplying 6 by 1/3.

And dividing 8 by -2, we can multiply 8 by -1/2, since -1/2 is the reciprocal of -2. Then, we
get -4, which is the quotient we get dividing 8 by -2. And we can take -4 as a product, too,
because it is the product we get multiplying 8 by -1/2.
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For another instance, dividing 6/5 by 2/5, we can multiply 6/5 by 5/2, since 5/2 is the
reciprocal of 2/5. Then, we get 3, which is the quotient we get dividing 6/5 by 2/5. And we
can take 3 as a product, too, because it is the product we get multiplying 6/5 by 5/2.

And dividing -9/5 by -3/5, we can multiply -9/5 by -5/3, because -5/3 is the reciprocal of -3/5.
Then, we get 3, which is the quotient we get dividing -9/5 by -3/5. And we can take 3 as a
product, too, because it is the product we get multiplying -9/5 by -5/3.

What then is a reciprocal?

Dividing 1 by a number nonzero, we get the reciprocal of the number.
So for instance, 1/3 is the reciprocal of 3, because dividing 1 by 3, we get 1/3.
And -1/5 is the reciprocal of -5, because dividing 1 by -5, we get -1/5.

A zero has no reciprocal, because we have no division by 0.
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And multiplying a number by its reciprocal, we get 1. And if we get 1 multiplying two
numbers by each other, the two are said to be reciprocal of each other.

=21

For instance, the reciprocal of 2/3 is 3/2, because we get 5

wlnN
N W

And the reciprocal of -5/4 is -4/5, and we get -(5/4) - -(4/5) = 20/20 = 1.

Thus, if the product of two numbers is 1, the two are reciprocal of each other.

For instance, 7/5 is the reciprocal of 5/7, which is the reciprocal of 7/5, too, because we get:
(7/5) - (5/7) = 1. And -4/3 is the reciprocal of -3/4, which is the reciprocal of -4/3, also,
because we get -(4/3) - -(3/4) = 1.
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So in general, if AB =1, Ais the reciprocal of B, and B is the reciprocal of A, too, and we
say that A and B are reciprocal of each other.

And if A and B both are not zero, g and % are reciprocal of each other.

So % is the reciprocal of %,which is the reciprocal of %,too.

Swapping thus, the numerator and the denominator, we get the reciprocal.
What then about the reciprocal of 5?

We know 5 = 5/1, so taking the reciprocal of 5, we get 1/5.
What then about the reciprocal of 1?
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The reciprocal of 1is 1, because 1 x 1 = 1, and if the product of two numbers is 1, the two are
reciprocal of each other, that is, one is the reciprocal of the other, and vice versa.

And dividing by a number, we can multiply by the reciprocal of the number.
Dividing for instance, 6 by 3, we can multiply 6 by 1/3, and get 2.

And dividing 1 by 1/4, we can multiply 1 by 4, and get 4.
In fact, adding together four of (1/4)s, we get 1, that is, multiplying 4 by 1/4, we get 1.

Next, we know if in multiplication, the number of negatives is odd, the product is negative.
And if the number of negatives is even, the product is positive.

The same is true for divisions, too.



Arithmetic Basics 3

So in division, if the number of negatives is odd, the quotient is negative.
And if the number of negatives is even, the quotient is positive.

It’s because a division by a number is a multiplication by its reciprocal, and taking a
reciprocal of a number, we don’t change the sign of the number.

So for instance, we get 8 + (-2) = -4, that is,%: 8/(-2) =-4. So we get 8/(-2) = -8/2.

In fact, multiplying by the same number, the numerator and the denominator, we get the same
fraction. So in the fraction 8/(-2), multiplying 8 and -2 both by -1, we get -8/2.

And for another instance, 24 + (-4) + (-2) = 3, that is, 24/(-4)/(-2) = 3.
That’s because 24/(-4) = -6. So we get 24/(-4)/(-2) = -6/(-2) = 3.
And we can put it this way, too: 24/(-4)/(-2) = 24/8 = 3,

because 24/(-4)/(-2) = 24/{(-4)-(-2)} = 24/8 = 3.
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24 24
That is to say that ‘—; = % =3, because =+ 4 A 3.

-2 {(-4)-(-2} 8
And for another instance, we get -24 + (-4) + (-2) = -3, that is, -24/(-4)/(-2) = -3.
That’s because -24/(-4) = 6. So we get -24/(-4)/(-2) = 6/(-2) = -3.

And we can put it this way, too: -24/(-4)/(-2) = -24/8 = -3,
because -24/(-4)/(-2) = -24/{(-4)-(-2)} = -24/8 = -3.

And for another instance, we get _—23_—8_—12£=—E§§E§

3 =7 9 11 -3 379113

That’s because the entire operation has an odd number of negatives.
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And for another instance, we can get
-37/(-7)/5/(-2) = -37/70, and -37/(-7)/(-5)/(-2) = 37/70.

So in general, doing divisions of numbers positive and negative mixed together, we can just
take all the numbers as positive numbers, take the quotient, and then, add the negative sign to
the quotient if odd is the number of all the negatives.

For instance, doing this: -37/(-7)/5/(-2), do this: -37/7/5/2, because the number of negatives is
3, which is odd.

For another instance, doing this: -37/(-7)/(-5)/(-2), just do this: 37/7/5/2, because the number
of negatives is 4, which is even.
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. Rational Numbers 1

To begin with, what are rational numbers?

The word ‘rational’ in ‘rational number’ is the adjective of ratio, and has little to do with the
dictionary meaning of reasonable. What ratio then is a rational number?

It can be called an integer ratio. More specifically, a rational number is a ratio of an integer to
another as%, which can be taken as a ratio of 1 to 3.

So though it sounds obvious, 1 is a third of three, and 1 is three times a third, that is,
1=3x % And usually, we take%as a third of 1 or one third or just a third.
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Taking more instances of rational numbers, we have 2, -3, 0.2=2 =1 etc.

And we can take 2/5 as a ratio of 2 to 5, and 2 is two fifths of 5, and 2 is five times 2/5, that is,
2 =5 x (2/5). Usually though, we take 2/5 as a number called two fifths.

So the nature of a rational number is an integer ratio, a ratio of an integer to another.

And rational numbers can be quickly just called rationals, and include integers, too.
So calling a number a rational, we mean it’s a rational number.
Why is an integer a rational, too, though?

. . . . 7 B 5 A0
We can put every integer in an integer ratio, too, as7 =, -5==2, 0=, etc.
Thus, the set of all integers is a part of the set of all rational numbers.

So if expressing a number in terms of an integer ratio, we get a rational number.
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Usually though, saying a rational number, we mean a fractional number as % 1.3, etc.

So if expressing an amount that has a part of 1 as a half or a third, we use a rational number.
For instance, 1.3 =1 + 0.3, which means 1 and three tenths.

What do we mean by though, three tenths?

Dividing 1 by 10, we don’t just divide 1 into 10 parts.

Dividing 1 by 10, we divide 1 into 10 equal parts, and then, take one of those ten parts, and
we call the one part one tenth.

So dividing 1 by 10, we get one tenth. And we can put it this way: 1+10 = %: 1/10.

What then, about dividing 3 by 10?
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Dividing 3 by 10, we divide 3 into ten equal parts, and then, take one of the ten parts, and we
call the one part three tenths, which is 3/10. How?

We know 3 is three of 1s.
So we can do the same division 3 times, and the same division is the division of 1 by 10, that

is 1+10. And from each of the same divisions, we get 1 tenth, which is %

So dividing 3 by 10, we can do (1+10) three times, and then, put together the three of (1/10)s,
that is, we get 55+ 55 +15-

So we get three tenths, and can put it this way: 3/10, which is%

So 3/10 is three of is. That is to say that we geti =3 X 1
10 10 10

12
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And by the same token, dividing 7 by 10, we can do 7 times the division of 1 by 10, that is,
we can do (1+10) seven times, and then, add together the seven of (1/10)s.

Then, we get seven tenths, and write it this way: % or 7/10.

What then about using such a number as a ratio?

Assuming A is a third of B, we can put it this way: A/B = 1/3, since 1 is a third of 3.
And in that case, we can say that B is three times A.

So we get A/B =1/3= B/A=3/1=3= B =3xA, which means B is 3 times A.
And since A is a third of B, we can put it this way, too: A/B = 2/6, since 2 is a third of 6.

So we get A/B = 2/6 = 1/3.
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And again, since A is a third of B, we can put it this way, too: A/B = 3/9, since 3 is a third of 9.

Sowe get A/B =3/9 =2/6=1/3.

And again, since A is a third of B, we can put it this way, too: A/B = 4/12, since 4 is a third of
12. Sowe get A/B=1/3=2/6 =3/9=4/12=5/15... And in fact, we have

1x2

2 1x2 1 3 1x3_ 1x4
6 9

3x4

1x5

1 5
= ==, == = = ==, —=>"—"==etc.
x2 3 15

14 1 1
3' 12 3’ 3

X
w
o1

Putting it in a slightly different form, we have
2/6 =(1x2)/(3x2)=1/3,3/9=(1x3)/(3x3)=1/3,4/12 = (1 x 4)/(3 x 4) = 1/3, etc.

So we can see that multiplying by the same number both the numerator and denominator, we
get the same ratio. (The same number cannot be 0, of course.)

14
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So the same ratios can look different.

And we usually simplify a ratio so that the numerator and denominator do not share the same
divisor other than 1. What same divisor though?

In the case of 2/6, 2 is a divisor of 2, and is a divisor of 6, too.
In the case of 3/9, 3 is a divisor of 3, and is a divisor of 9, too.
In the case of 4/12, 4 is a divisor of 4, and is a divisor of 12, too.

Simplifying a ratio, we divide by the same integer both the numerator and denominator so that
we get smaller integers for both the numerator and denominator keeping the value of the ratio
intact. (And of course, the same integer cannot be 0.)

For instance, 4/6, 6/9, and 8/12 are the same ratios, and all get simplified to 2/3, which is thus,
the simplest.
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And when a ratio is in its simplest form as 2/3, we say that the numerator and denominator are
prime to each other, and do not share any divisor other than 1.

Now, let’s move on to arithmetic on rationals.

By the way, doing a multiplication, we don’t usually use the operator X, and instead, we just
use a dot - or nothing if no ambiguity is expected. So for instance, meaning 3 x 4, we often put
it this way: 3-4, and we usually put A x B this way: AB.

So to begin with, we have

. A_AC _AE _AXY _
B BC BE BXY

..,where B,C,D, E, X,and Y #0.

And putting it in a slightly different form, we have
¢ A/B = AC/BC = AD/BD = AE/BE = AXY/BXY = ... where B, C,D, E, X,and Y = 0.

16
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So other than 0, multiplying by the same both the numerator and the denominator, we get the
same ratio, that is, the value of the fraction (or the ratio) does not change.

And because of the fact above, adding fractions, we do the addition the way below:

. A+C AD BC AD+BC
B D BD BD  BD

,where B and D # 0.

And putting it a bit differently, we have
A/B + C/D = AD/BD + BC/BD = (AD + BC)/BD, where B and D = 0, of course.

9 _2x7 5x3_ 14 15 14+15 29

For instance, — 2 +—=—t—
7 T 3x7 7x3 21 21 21 21

And putting it in a slightly different form, we have
213+5/7=2x7)(3x7)+ (5x3)/(7x3)=14/21 + 15/21 = (14 + 15)/21 = 29/21.
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And next, moving on to subtractions, we can do a subtraction the way below.

. A_E:AD_BC=AD_BC,whereBand D 0.
B D BD BD BD

And putting it a bit differently, we have
A/B - C/D = AD/BD - BC/BD = (AD - BC)/BD, where B and D # 0, of course.
5 2x7 5x3 14 15 14-15 -1 1

Forinstance,g——= e e
3 7 3x7 7x3 21 21 21 21 21

And putting it a bit differently, we have
2/3=-5/7T=2x7)(3x7)-(5x3)/(7x3)=14/21 - 15/21 = (14 — 15)/21 = -1/21.

18
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So putting threads together, we have

AD BC _ AD+BC
BD BD  BD

é+£ ,Where B and D # 0.
B D

é_gzAD_BC:AD_BC,whereBandD;tO.
B D BD BD BD

And putting the two above into one expression, we get

AD , BC _AD+BC

I = ,where B and D # 0.
BD BD BD

£, ©
B D

19
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s. Rational Numbers 2

To begin with, going over briefly the ideas covered in the previous section, we have

A AC AE AXY

° —=— = = =..,whereB,C,D,E, X,and Y #0.
B BC BE BXY

So other than 0, multiplying by the same both the numerator and the denominator, we get the
same ratio, that is, the value of the fraction (or the ratio) does not change.
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And because of the fact above, adding fractions, we can do additions the way below.

. A+C AD BC AD+BC
B D BD BD  BD

,where B and D # 0.

. 2 5 2x7 5x3 14 15 14+15 29
For instance, —+—=

o=t
7 3x7 7x3 21 21 21 21

And next, moving on to subtractions, we can do a subtraction the way below.

A C_AD BC _ AD-BC

« —_— ,where B and D # 0.
B D BD BD BD

2 5 2x7 5x3 14 15 14-15 —1 1
For instance, ———== —_———

7 3x7 7x3 21 21 21 21 21

22
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So putting threads together, we have

AD BC _ AD+BC
BD BD  BD

é+£ ,Where B and D # 0.
B D

é_£=AD_BC=AD_BC,whereBandD¢0.
B D BD BD BD

And putting the two above into one expression, we get

AD+BC _ADxBC

ot = ,where B and D # 0.
BD BD BD

C
+— =
D

Now, moving next, on to multiplications, and multiplying, for instance, 1 by 1/3, what do we
get?

23
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Weget1x1/3=1/3. Andweget2x1/3=2/3,3x1/3=3/3=1,4x1/3=4/3, etc.

What do we mean by though, for instance, 1 x 1/3 = 1/3?

Taking 1 of (1/3)s, we can multiply 1 by 1/3, and get 1/3.
Taking 2 of (1/3)s, we can multiply 2 by 1/3, and get 2/3.
Taking 3 of (1/3)s, we can multiply 3 by 1/3, and get 3/3 = 1.
And taking 4 of (1/3)s, we can multiply 4 by 1/3, and get 4/3.

1_1 1_1 1_1 1_1
And we know 1 x 353 x1,2x§_§x2,3x 353 X 3, and4x§_§ X 4.

What then do we mean by 1 x £ = £, for instance?

24
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Taking a third of 1, we can multiply 1/3 by 1, and get 1/3.
Taking a third of 2, we can multiply 1/3 by 2, and get 2/3.

Taking a third of 3, we can multiply 1/3 by 3, and get 3/3 = 1.
And taking a third of 4, we can multiply 1/3 by 4, and get 4/3.

What then do we mean by 2/3 x 5/7, that is, 2 x 2, for instance?

We know 2/3 is 2 of (1/3)s.
And we know taking £ x 2,we can say that we take a third of 5/7.

So taking 2 x 2,we take 2 x £ x 3, s0 we can say that we take twice a third of 5/7.

What then is a third of 5/7?

25
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We know 5/7 = 15/21, and a third of 15/21 is 5/21, since 15/21 is 15 of (1/21)s, and a third of
15is 5.

So a third of 5/7, that is, 1 x 2 is 5/21.
And we know multiplying 2/3 by 5/7, that is, taking 2 x 2, we take twice a third of 5/7.

Soweget2 x 2=2x (% x 2)=2x 55, which is 10/21.

What then do we mean by = x 2?2

We know 5/7 is 5 of (1/7)s.

And we know taking % X % we can say that we take a seventh of 2/3.
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So taking 2 x £, we take 5 x 4 x £, s0 we can say that we take 5 times a seventh of 2/3,

And we know 2/3 = 14/21, and a seventh of 14/21 is 2/21, since 14/21 is 14 of (1/21)s, and a
seventh of 14 is 2.  So a seventh of 2/3, that is, % X % is 2/21.

And we know taking 2 x £, we take 5 times a seventh of 2/3.
Soweget5x 1 x 2=5x Z,which is 10/21, which is the same as 2 x 2=3 x 3.

Now, how then do we get 10 and 21 in the fraction 10/21 above?

We get 10 multiplying 5 by 2, and get 21 multiplying 7 by 3.  Specifically,

e Taking the product of the numerators of 5/7 and 2/3, we get 10, which is the numerator of
10/21, which is the result of 2 x 2.
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e Taking the product of the denominators of 5/7 and 2/3, we get 21, which is the denominator
of 10/21.

So we can notice that taking a product of fractions, we get a fraction where the numerator is
the product of the numerators, and the denominator is the product of the denominators of the
fractions multiplied.

In short, we get A/B x C/D =AC/BD, that is, we get A X E= £
B D BD
And we get A X ¢ X EzE because AC X EzE And so forth
B D F BDF BD F BDF

In the next section, we will move on to the next operations, divisions with rational numbers,
after doing some more examples on additions, shown in the next pages.

28
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« Rational Numbers 3

First, going over some ideas in the previous sections, we can begin with

A AC AE AXY

° —— = = =..,whereB,C,D,E, X,and Y #0.
B BC BE BXY

So other than 0, multiplying by the same both the numerator and the denominator, we get the
same ratio, that is, the value of the fraction (or the ratio) does not change.
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And because of the fact above, adding fractions, we do the addition the way below.

. A+C AD BC AD+BC
B D BD BD  BD

,where B and D # 0.

. 2 5 2x7 5x3 14 15 14+15 29
For instance, —+—=

o=t
7 3x7 7x3 21 21 21 21

And next, moving on to subtractions, we can do a subtraction the way below.

A C_AD BC _ AD-BC

« —_— ,where B and D # 0.
B D BD BD BD

2 5 2x7 5x3 14 15 14-15 —1 1
For instance, ———== —_———

7 3x7 7x3 21 21 21 21 21

30
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+
So in sum, we have é+£= AD 36 ADEEE ,where B and D # 0.
B D BD BD BD

And next, moving on to multiplications, we can say that taking a product of fractions, we get a
fraction where the numerator is the product of the numerators, and the denominator is the
product of the denominators of the fractions multiplied.

In short, we get A/B x C/D =AC/BD, that is, we get A X S=£

B D BD

Now, moving on to divisions, and dividing, for instance, 1 by 1/3, what do we get?
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We get 3, because 1 is three times 1/3. That is, three of (1/3)s make 1.
Soweget 1+1x3=3.Thatis, weget 1+% =3. Andwe have £ x3=3x £ =1.

What then, do we get if we divide 2 by 1/3?

We know 2 is two of 1s.

So we can divide 2 by 1/3 doing twice the division of 1 by 1/3, and then, adding together the
two results, which are two of 3s. Then, we get 6.

And putting the idea above in expressions, we can put it the way below.

(1+3)+(1+3)=2x(1+3)=2x3=6.
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And we can put the same the way below, too:

Putting one pizza on top of another same pizza, we get a stack of two same pizzas.
Then, dividing the stack by 3, what do we get?

We get six equal pieces of pizza, and every piece is 1/3 of one pizza.

Sowe get 2++ =6.

And we have this, too: (1+%)+(1+3)=2x(1+%)=2x3=6.

And we know 2+ = (1+3) + (1+3) =2x3.

So we get 2+% =2x3=06. (Notice that dividing by 1/3, we can multiply by 3.)

And of course, we can put the result above the way below, too:

33
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Since 1 is three times 1/3, and 2 is twice 1, we can say that 2 is six times 1/3.

Moving next, on to another example, and dividing 4/5 by 2/3, what do we get?

We have 4/5 = 12/15, and 2/3 = 10/15.

So dividing 4/5 by 2/3, we can divide 12/15 by 10/15.

And we know 12/15 is 12 of (1/15)s, and 10/15 is 10 of (1/15)s.

And thus, dividing 4/5 by 2/3, we in fact, divide 12 by 10, that is, we get 12/10 = 6/5.

4.2 — 12 .10 — . - 12 —
Sowegetg+< = £+ =12+10= 15 =

ullo

Now, how then do we get 12 and 10 in the calculation above?

34
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We get 12 multiplying 4 by 3, and get 10 multiplying 5 by 2. Specifically,

o Multiplying the numerator of 4/5 by the denominator of 2/3, we get 12, which is the
numerator of 12/10, which is the result.

o Multiplying the denominator of 4/5 by the numerator of 2/3, we get 10, which is the
denominator of 12/10.

So we can notice that dividing a fraction by another, we can multiply the fraction by the
reciprocal of the other. What reciprocal though?

For instance, the reciprocal of 2/3 is 3/2, and the reciprocal of 3/2 is 2/3.

So the product of two numbers reciprocal to each other is 1.

Thus, we can put the division above thisway: +% = 2 x 3 = 2 = &,

35
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AD

A X B = ,where B, C, and D % 0, of course.
B C BC

In short, we get A—E =
B D
And now, putting threads altogether, we have

AD , BC _AD+BC
BD BD BD

w| >

J_r%= ,Where B and D # 0.

w| >

A £=£,Where8andD¢0.
B D BD

e_b
D B

C
X —=
D

w| >

LC_A
B

+—= x2=£,whereB,C,andD¢O.
D C BC
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And in fact, we can use any real number in the operations above if it is appropriate, that is, if
it does not make any denominator 0.

For instance, we can have these:

O.31+£ 031X25+02Xl7 (0.31x 2.5)+ (0.2 x 17) O.775+0.34_1.115
02 25 02x25 02x25 0.2x25 0.2x25 05

031 17 _031x25 02x17 _(0.31x25)—(02x17) _0.775-0.34 _0.435

02 25 02x25 02x25 0.2x25 02x25 05 °

O.31Xl7 031 1.7 031x17 0527 _5.271 527

02 25 02 25 02x25 05 5 500
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031 1.7 031 2.5 031X25 0.775 775 155

02 25 02 17 02x17 034 340 68

(2 X §)+(§ 2) L_l_ﬁ 6 x35+24x45 210+1080 1290

2 9 2y3 5y9 (2

345378, 77 5_ = —_ 24x35 _ 80 _ 840
5 3 5yx3 5y3 53 15 15 15 15
7 8 778 778 778 56 56 56 56

_ B B x56 B4 THix84 724 1806x4 1086 _602x3 _ 602 _86

T 15 1Bysg 15 15x84 1260 315x4 315 105x3 105 15

29
So we can calculate ——+—— the way below.
7 8

38
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2 Zx7 W 14X3_E and 3 =%XS= 2 =%2x5=7_2.
2 5x7 5 5x3 15’ 3 3x8 3 3x5 15
2 9
So next, we get——+——= 14 72 _8
2 5 15 15 15
And we can get the sum faster the way below.
A Ap AD AD1  AD
To begin with, we can have—2-=8—=£2- =B £ - _BC _AD
5 b C Cg¢ 1 BC
And we can put it the way below, too.
. A
We know we can get (1: =1C—D=2. Sowecanget%zé-%zégzﬂ.
5 b C 5 B g BC BC

39
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AD

So either way, we get :
y g BC

U\O‘m\:p
Il

29
Thus, calculating ——+—32—, we can get the sum faster the way below.
7 8

_27,98_14+72_86
=35 53 15 15

~lor|wln
+
oolw |u1jo

And by the same token, we can calculate the way below.

\l\m|w\m
oo\w|o1\no

27 98 14-72_ 58
3.5 53 15 15

~jor|wro
oo|w oo
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Taking some more instances, we can have

-2 32 ¢ 3 2.9 3.3 -2.9.443.3.7 -72+63 9
zr -3 r s 5.7 4.5 4.5.7 140 140
N T T R
s _F_ 1.4 5 _ 5 _ 1 1.3 x_ % _ 5 16
D

2 (a+b)r
4 (p-g)c
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e lrrational Numbers 1

To begin with, what are irrational numbers?

The word ‘“irrational’ in “irrational number’ is the antonym of the adjective of ratio, and has
little to do with the dictionary meaning of unreasonable.
What then, is an irrational number?

We know a rational number can be called an integer ratio. More specifically, a rational
number is a ratio between two integers as 2/3, 3/5, -3/7, 0.12 = 12/100 = 6/50 = 3/25, etc.
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So if a number is rational, it is an integer ratio, and can be expressed by a ratio between two
integers. If however, we cannot put a number in an integer ratio, it is not rational, and said to
be irrational. So an irrational number cannot be expressed by a ratio between two integers,
and thus, is not like 1/2, 0.3, or 3/7.

And irrational numbers can be quickly called irrationals.
So calling a number an irrational, we mean it’s an irrational number.

And a typical example of an irrational is: V2, called a square root of 2.
What then is /2 ?

If we get 2 multiplying 1 by a positive number twice, the number is J2.
So multiplying 1 by /2 twice, we get 2. That is, we have 1 x /2 x v/2 = 2.

Why does the number multiplied twice have to be a positive number though?
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That’s because /2 is positive.

And of course, we can get 2 if we multiply 1 by —J2 twice, too.

So in short, multiplying 1 byi\/E twice, we get 2.

That is to say that we get (i\/f)2 =2. Andweread +v2 as plus or minus J2.

And we want to note that any number inside the sign\/_ is positive or 0, and cannot be

negative. And we usually call the sign a square root sign.
So in short, what’s inside the square root sign is > 0, and can never be <0. Why not?

That’s because we get the number inside the square root sign multiplying 1 by a number twice,
and if 1 is multiplied by a number twice, the product is > 0, and cannot be < 0.

So what’s inside the square root sign is > 0, and can never be negative.
How then is~/2 an irrational?
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That’s because it cannot be put in an integer ratio, that is, a ratio between two integers. We
will get to see why it is the case doing one of the examples on irrationals.
Showing though, it is an irrational, we can use the fact below.

e If a number is rational, it can be put in a ratio between two integers prime to each other.

That’s because if we simplify such a ratio to its simplest, the ratio simplest has to be between
two integers that are prime to each other. If no divisor other than 1 is common to integers, the
integers are said to be prime to each other. So for instance, 12 and 25 are prime to each other,
because 1 is the only divisor common to the two integers. That is, other than 1, there is no
integer that can divide 12 and 25 both.

We have 12/25 = 48/100 = 0.48. So 0.48 is a rational number, and can be put in a ratio
between two integers prime to each other.
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And we have many kinds in irrationals. Among those, we have the circular ratio denoted by ,
which is read as pi, and is 3.141592..., which is usually approximated to be 3.14.

And another example irrational can be the Euler’s number, which is denoted by e, and is
2.718181828459045..., which is usually approximated to be 2.718.

And such a number as+/2 is called a radical, too, specifically called a radical of degree two or
a second degree radical.

And we call a radical a root, too. So~/2 is called a second root or a square root.
And in fact, a radical has its degree.

Expressing a radical in general, we can put it this way: Va, where nis an integer > 2, and
indicates the degree of the radical. So for instance, 3/a is a radical of degree 3, and the degree
of /5 is 2, because in fact,~/5 = /5. What number then is Y/a ?
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If we get a if multiplying 1 by a positive number n times, that positive number is Yfa, which
is called the n™ root of a or the n™ radical of a.

e And the statement above is the definition of Q/E.

So for instance, multiplying 1 by§/§ three times, we get 2. And we call it the third root of 2 or
the third radical of 2.

Usually though, we call ¥/2 a cube root of 2, and thus, call ¥/ a cube root sign.

Unlike the case of the square root sign, we can put any real number inside the cube root sign.

So what’s inside the cube root sign can be negative, too.
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That’s because we get the number inside the cube root sign multiplying 1 by a number three
times, and if 1 is multiplied by a number three times, the product can be negative as well as

positive or 0. For instance, we can have /-2 as well as 3.

So what’s inside the cube root sign can be any real number.

And covered in this book are the radicals of degrees 2 and 3. For more details on radicals and
all the degrees, refer to the book called Powers and Logarithms.

So let’s now move on to the arithmetic on irrationals in those two kinds.

First, the following three basic laws on arithmetic apply.
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e Commutative Law
1+2=2+1andingeneral,a+b=Db+a.

2x3=3x2,and ingeneral,axb=bxa.

e Associative Law
1+2+3=(1+2)+3=1+(2+3),andingeneral,a+b+c=a+b+c=a+b+c.

2x3x4=(2x3)x4=2x(3x4),and ingeneral,axbxc=(axb)xc=ax(bxc).

e Distributive Law

2(3+4)=2x3+2x4,and in general, a(b +c) =ab + ac
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By the way, doing a multiplication, we don’t usually use the operator x, and instead, we just
use a dot, -, as 2 x 3 = 2-3, or use nothing as a x b = ab, if no ambiguity is expected.

So to begin with, adding together 1 and NCRTE just get1+\/§ =2 +1.
And in general, adding together a and Jb, we just geta+ Jb=+b+a

Next, adding together\/z and+/3 , we just get\/f ++/3.
And in general, adding together\/g and~/b , we just get\/5+ Jb.

Next, adding together\/z and~/2 , we get 24/2. That is, we get\/§+\/§ =22.

That’s because two of +/2 s is: 2 times+/2 , which is 2/2.
So in general, adding together n of Jas, we getn\/a.
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Thus next, adding together~/2 and 32 , we get~/2 +3v2 = 44/2.
And also, adding together 23 and 53, we get 23 +5v3 =74/3.

So in general, adding together nv/a and m+/a , we just getnv/a + m+/a = (m + n)va.

Thus, for more instance, we get«@+ 25 =35, and 24/7 +5J7 = 74/7.

Next, adding together\/E and 24/3 , we just get\/§+ 24/3.
And also, adding together 242 and 5/3 , we just get 242 +54/3.

And in general, adding together cv/aand dvb, we just geth/g+ d+/b.
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Next, moving on to subtractions, and subtracting 1 from J3, we just get\/§—1.

And in general, subtracting a from Jb, we just get«/B— a.

Next, subtracting V3 from 1, we just get:1— J3.

And in general, subtracting Ja from b, we just get:b— Ja.

Next, subtracting J2 from+/3 , we just get\/§ -2
And in general, subtracting Ja from/b , we just get\/B —a.

Next, subtracting 3v'2 from 2+/3 , we just get 2+/3 - 3+/2.
And in general, subtracting nva fromm+/b , we just get m+/b —n/a.
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Next, subtracting 372 from5+/2 , we get 5J2-3v2=22.
Also, subtracting 52 from2+/2 , we get 22 -542 =-3/2.

And in general, subtracting nva fromm+/a , we just get m+a-na = (m- n)\/g.

Next, moving on to multiplications, and multiplying 2 by\/§ , We get2 x J3=243.

And in general, multiplying a by\/B , We get: av/b.

Next, multiplying~/2 by /3 , we get+/2+/3 =+/2-3 = /6.
And in general, taking the product of Jaandb , we get\/E\/B =+/ab.

e How can we getv/a~/b =+/ab, though?
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By definition, we have 1-+/a+/a =+a+va =a, and 1-v/bb =+/b+/b =b.

So by definition, we get 1-+/ab+/ab = vab+/ab = ab,

And by definition again, we get 1-vavb -vavb =vavb+avb =aavbb =ab.
Thus, we get\/E\/B =/ab.

So next, multiplying 242 by5\/§ , We get 22 -54/3 =2-5\2~/3 =10+/6.
And in general, multiplyingc+/a by d+/b , we getc+/a -d+/b = cdv/a~/b = cd+/ab.

Then, what if we multiply 2 + 32 by3—4\E?
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We can use the distributive law. Then, we get

(2+342)(3-45)=2-3-2-4/5+3-3v2 =32 -4./5 =685 + 9/2 - 124/10.

And by the same token, we can get

(V3 +3v2)(2N7 = 44/5) = 2437 — 435 + 64/24/7 —124/2/5 = 24/21 - 4/15 + 6 14.

And in general, we have

(avx + b\/y)(s\/aﬂﬁ) = as\/ux +at~/vx +bs./uy + bt\/W.
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s lrrational Numbers 2

Let’s first, go over some of the material in the previous section.
To begin with, what are irrational numbers?

If a number is rational, it is an integer ratio, and can be expressed by a ratio between two
integers. If however, we cannot put a number in an integer ratio, it is not rational, and said to
be irrational. So an irrational number cannot be expressed by a ratio between two integers,
and thus, is not like 1/2, 0.3, or 3/7.

And irrational numbers can be quickly called irrationals.
So calling a number an irrational, we mean it’s an irrational number.
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And a typical example of an irrational is: V2, called a square root of 2.

And we want to note that any number inside the sign\/_ Is positive or 0, and cannot be
negative. And we usually call the sign a square root sign.
So in short, what’s inside the square root sign is > 0, and can never be < 0.

That’s because we get the number inside the square root sign multiplying 1 by a number twice,
and if 1 is multiplied by a number twice, the product is > 0, and cannot be < 0.

So what’s inside the square root sign is > 0, and can never be negative.

And such a number as~/2 is called a radical, too, specifically called a radical of degree two or
a second degree radical.

And we call a radical a root, too. So~/2 is called a second root or a square root.
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And in fact, a radical has its degree.
Expressing a radical in general, we can put it this way: Va, where nis an integer > 2, and

indicates the degree of the radical. So for instance, 3fa is a radical of degree 3, and the degree
of /5 is 2, because in fact,~/5 =%/5.  What number then is ¥/a ?

If we get a multiplying 1 by a positive number n times, the positive number is Yfa, which
is called the n™ root of a or the n'" radical of a.

e And the statement above is the definition of (‘/5.

So for instance, multiplying 1 by§/§three times, we get 2. And we call it the third root of 2 or
the third radical of 2.
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Usually though, we call 3/2 a cube root of 2, and thus, call 3/ a cube root sign.

Unlike the case of the square root sign, we can put any real number inside the cube root sign.
So what’s inside the cube root sign can be negative, too.

That’s because we get the number inside the cube root sign multiplying 1 by a number three
times, and if 1 is multiplied by a number three times, the product can be negative as well as

positive or 0. For instance, we can have ¥/-2 as well as 32.

So what’s inside the cube root sign can be any real number.

And covered in this book are the radicals of degrees 2 and 3.

So let’s now move on to the arithmetic on irrationals in those two kinds.
First, the following three basic laws on arithmetic apply.
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e Commutative Law
1+2=2+1andingeneral,a+b=b+a.

2x3=3x2,and ingeneral,axb=bxa.

e Associative Law
1+2+3=(1+2)+3=1+(2+3),andingeneral,a+b+c=a+b+c=a+b+c.

2x3x4=(2x3)x4=2x(3x4),andingeneral,axbxc=(axb)xc=ax(bxc).

e Distributive Law

2(3+4)=2x3+2x4,and ingeneral, a(b +c) =ab + ac
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By the way, doing a multiplication, we don’t usually use the operator x, and instead, we just
use a dot, -, as 2 x 3 = 2-:3, or use nothing as a x b = ab, if no ambiguity is expected.

So to begin with, adding together\/i and 3v/2, we getx/§+ 32 =442.
Also, adding together 2+/3and 5v/3 , we get 243 +5v3 =74/3.

So in general, adding together nva and mva , we just get nva +m+a = (m+ n)\/g.

Next, adding together\/i and 24/3 , we just get«/§+ 24/3.
Also, adding together 2+/2 and 5+/3 , we just get 24/2 +54/3.

And in general, adding together cvaand dv/b , we just getc\/5+ d/b.
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Next, subtracting 372 from24/3 , we just get 23 -32.
And in general, subtracting nva fromm+/b , we just get m+/b —n/a.

Next, subtracting 372 from5+/2 , we get 572 -3v2 =22.
And also, subtracting 542 from2+/2 , we get 242 -5\2 =32,
And in general, subtracting nva fromm+/a , we just get: mva—-nva = (m- n)\/a.

Next, moving on to multiplications, and multiplying 2 by\/§ , We get2 X J3=23.

And in general, multiplying a by\/B , We geta\/B.
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Next, multiplying 3v/5 by 2/3 , we get 3+/5 - 24/3 = 3-24/5- 3 = 64/15.
And in general, multiplying cva byd\/B, we getc\/g-d\/B =cd+/av/b = cd/ab.
Then, what if we multiply 2 + 3+/2 by 3—4+/5 2

We can use the distributive law. Then, we get

(2+342)(3-45)=2-3-2-4/5+3-3v/2 = 3./2 - 4./5 = 6 -85 + 9/2 - 124/10.

And by the same token, we can get

(V3 +3v2)(2N7 = 44/5) = 2437 — 435 + 64/24/7 —12/2/5 = 24/21 - 4/15 + 6 /14.
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And in general, we have

(a\/;+b\/§)(s\/a+t\/3) = as\/ux +at/vx +bs uy +bt\/W.

Next, moving on to divisions, and dividing\/E by\/§, we get\/§+\/§ = % = \/g

And in general, dividing\/gby\/B , We get\/5+\/_ =%= \/%.

How do we get ﬁ = \/E though?
Jb \b
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By definition, we have 1-ava=+ava =a, and 1-vbvb =vbb =b.

So by definition, we get 1-\/5\/§= \/E\/E=_
b \b b\b

And by definition again, we get 1- Ja ﬁ = Java o
Vb Vb Vbyb b

Thus, we get— \f
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Sonext,dividingZ\/EbyS\/g,weget2\/§+5\/——¥ éﬁ ; 2
c\f f c a
And in general, dividing cva by d+«/b, we getc d
g gcva byd+/b, we getcy/a +d+/b = b d 3
. . 2+32
Next, d|V|d|ngZ+3«/§ by3—4J§,wejust get(2+3\/§)+(3—4\/§) = .
3-445
) 3+3«/§
And by the same token, we just get (+/3 + 3v2) = (27 =445 =\/7—.
y Just get( )= ( )= odT-as5

And in general, we have (av/x +by/y)+ (S\/GH\/—)_a\/iH:://:
u+
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However, in all the cases above, it is not the case where we can use all real numbers as the
letters used in all the operations above. Why not though?

Though it sounds quite natural, we need to keep in mind that what’s inside the square root
sign is positive or 0, simply because no number can be squared to be negative, and also, keep
in mind that a denominator cannot be 0, since no division by 0 is allowed.

And if in a fraction, the denominator is an irrational number, we often convert the fraction to
another fraction where the denominator is a rational, because it makes more sense. And if
doing so, we say that we rationalize the denominator.

. . 1
So assuming now, for instancek = —

Nt
1 _1+2 _2

k=— = 72,which has now, a rational number as its denominator.

NERNCNG)

and rationalizing the denominator of k, we get
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And rationalizing the denominator of —, we can get — a _ b a\/— a \/—

\/B Jbo Job
V3,
V243

What then, about this:

Rationalizing the denominator of a fraction as the one above, we can use tools called
factorization identities. And in this case, we can use this identity: x* — y* = (X — y)(X + y).
Using thus, the identity above, we can get

V3 3(¥2-3) 6-3/3 V6-33 3J3-6
V243 (V2+3)(W2-3) 2-9 -7 7
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a b+c\/a
X y+u\/V’

And rationalizing the denominator of we can get

avb+cd  (avb+cvd)(xyy —uW)  (avb +cdd)(xy/y —uWv)
XY +UV (XY + U)Xy —uv) X%y —u®v '

=
Bz

What then about this:

Using the identities a> + b® = (a + b)(a® — ab + b®) and a*> — b* = (a - b)(a® + ab + b?), we can
rationalize some denominators the way below.
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1 {Far-%ath+@?y  _ Ya-ab+b’
Ya+3b  Fa+ ) (ay-Yadb+@b)}  (¥a+3b)Ya? - Yab + o?)

a+b
1 {¥a)? +¥a¥o + (¥b)%} a2 + ¥ab + b2
Ya- Fa+P}Fa) +¥adb+@bY} (Ya-Ub)a? + Yab + Ib?)
=§/a_2+§/£+§/b_2
a-b '

So in sum, we can get
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1 _%/a—z—%*/%+§/b_2 and 1 _g/a_2+§/£+§/b_2
Ya+dh a+b T ¥a-3o a-b '

And thus, getting back to , and rationalizing the denominator, we can get

5
¥3+2

V5 R -233+2%  J5(Y9-2%3+4)
Pa+2 F3+2{¥3)2-233+22} (¥3+2)(¥9-2¥3+4)

JBEB-2Ya+4) JEEB-2Y3+4) JEEB-203+4)
T @3BBRe22 3+8 - 11 '
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?

J5
2¥342

What then, about this:

Vs 5B BB -133+1%y  BR9-¥3+1)
233+2 2(¥3+1) 2¥3+1{F3)-133+1%}  2{(¥3)*+1%)

_VBR9-¥3+1) _BE9-¥3+1)

2(3+1) 8
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J5

And for another instance, rationalizing the denominator of —————, we can get
233+32

N R -
23+32 Y83+32 Ys-3+32 Y24+32

_ J5@242 —324.2 + ¥22) :x/g(@—%ﬁ/?z)
24+ 32) Y247 - Y242 +32?) 24+2

Meanwhile, we can get

W—%+§/2_2=3(8-3)2—M+§/Z=§/8_2§/3_2—§/§§/€+%/Z
= (¥/8)%-Y9-2¥6 + /4 = 4¥9 - 23/6 + ¥a.
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V5 _ 5242 a8 +32%) _ J5(43/0 - 296 + ¥4)

So we get =
d 233432 2442 26

Also, using the identity (x +y)? = x* + 2xy + y? or (x — y)? = x* — 2xy + y*, we can simplify
some irrational numbers the way below.

Ja+b+2vab =+/a ++/b, because we have(\/5+\/5)2 —a+2y/ab+b.

And by the same token, we can have+/a+b— 2Jab =+a-+b ifa>b.
If however, a < b, we gety/a+b— 2Jab =b —+/a, simply because+/a +b—2+vab > 0.
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For instance, we get\/5— 246 = 2+ 326 =+/3—+/2. Thats because we can get

(V3-+2)2=3-2312+2=3+2-23.2=5-26 = (/3-2)? =5-2/6

=526 =(3-+2)* =V3-v2 = 5-2J6 =3 -2,



