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Examples C in Irrationals

Simplify each expression below.

9+4y4+412

. \/(a+b)2 —/8(a%b+ab%)

N

3. ya-+va®-b® wherea>b>0.



Suggestions or Solutions
To the Examples C in Irrationals

3.0. Simplify /I .[%.

Multiplying 1 by a square root of a number twice, we get the number.
That is to say that squaring a square root, we get what’s inside the root sign.

And doing algebra, we often use this tool: a® + 2ab + b? = (a £ b)?, which is often called a
complete square. So doing this problem, we are going to use the tool above.

Now, assuming R = %—\/Z and setting%—\/% = (a-h)? we get R =4/(a—b)?.

Then, we get first, R > 0, simply because a square root is>0, and a—b = 0.
SowegetR=a-bifa-b>0,thatis, ifa>Db.

And of course, ifa<b, thatis, ifa-b<0,wegetR=-(a-b)=b-a.
So finding a and b, we get R. How?

Getting back to the complete square, we have (a — b)? = a? — 2ab + b = a® + b? — 2ab.
And we have %—\/% =(a-b)%

So converting %—\/% into a complete square, we can getaand b. How?

Looking closely at a® + b* — 2ab and I —./5 we can notice that if 7/6 is a sum of squares of two

numbers, and\/g is twice the product of the two numbers, we can put %—\/% into a complete
square taking a form of (v/u —+/v)?.

That is to say that it can be the case where we get%—\/% = (\/G—\/V)Z.

And in fact, we can get £— /3 =%—2\E. How then can we get u and v?
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What we want to get is %—\/% = (Ju-Vv)%
And expanding the right hand side, we getu + v —24Juv.

Then, we get %—2\/% =u+v-2Juv. What then, can we get?

Wecangetu+v= % and uv = % How then, can we get u and v?

We can set up an equation as follows. x> — (u + v)x + uv = 0.
Then, the solutionisx =uorv. Why?

We have X2 = (U+ V)X +uv=0=> (Xx—u)(x-Vv) =0 =X =uorv.

Wenowhaveu+v:%,anduv:%.

So solving the equation x” —¢ X +5 =0, we can get u and v.

And thus, solving the equation, we get

2 - 2 - — —
X" —Ix+:=0=>6x"-7x+2=0=>(3x-2)(2x-1)=0=>x=2or 3.

That is to say that (x - £)(x - $) = 0.
And the equation we began with is (x —u)(x —v) = 0.

So we can see that (u, v) = (%, $) or (3, §). Which one of the two then?
We have%—\/%z(\/a—\/V)Z. AndwehaveR:,/%—\/%.

So we get R =+/(vu—+/v)?. And we know R > 0.

So if\/a>\/v,wegetR:\/a—\/V,and if\/a<\/v,wegetR:\/V—«/a.



And thus, either way, we want to get R > 0.

So if we set R :4/(\/%—\/%)2 ,we get R :\/%— 1,since 2/3> 1/2.
And even if we set R :1/(\/%—\/%)2 ,we get R :\/%— % too.
And thus, we get./%—\/% :\/%—\/%.

1
9+444++/12

3.1. Simplify

Adding together the sum of squares of two numbers and twice the product of the two numbers,
we get the square of the sum of the two numbers, and the square is called a complete square.
That is to say that

we have a® + 2ab + b? = a® + b® + 2ab = (a + b)?, often called a complete square.

So setting Q = ! , we can simplify Q using the idea above.

9+4y4+412

First, we can convert4 ++/12 into a form of (\/E—\/V)Z the way below.

44412 =4+ 23 =3+1+23-1 = (3 ++1)2 = (3 +1).

1

1 1 1
Jorafaiviz \JorafBe1? O+4(B+1) V13443

Then, we get Q =

So next, looking at~/13+4+/3, we can notice that we can get

13+43 =13+212 =12 +1+ 24121 = (/12 +1)2.
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— 1 __1
Thus, we get Q T

And making the denominator rational, that is, rationalizing the denominator, we get

Q==-—L_= J12-1 _ 121 _ 124

V241~ (V12+1)(W12-1) © 121 -

3.2. Simplify\/(a+ b)? —/8(ab +ab®)

We have a* + 2ab + b? = a® + b? + 2ab = (a £ b)>.
So we have (a + b)® = a? + b® + 2ab.

And we can get notice that a’b + ab® = ab(a® + b?).
So we can get

(a+b)? —y/8(a’b+ab®) = a® + b’ + 2ab —2y/2ab(a’ + b?) = (Va® + b* —+/2ab)’.
Thus, we get\/(a +b)? —\/8(@*b+ab®) = \/(x/a2 +b? —+/2ab)?.

And we know a’ + b? + 2ab = (a + b)? > 0 = a + b® > 2ab.

So we get\/(aer)2 —\/8(a3b+ab3) — a2 +b? —/2ab.

3.3. Simplifyya—+a?—b® wherea>b > 0.

2 2
We have a—+/a? —b? = 22-20a"

And we can get a’—b? = (a + b)(a—b). So what?



We can get this, too: 2a=a+b+a-b=(a+b)+ (a-h).

So we can get 2a—2+a% —b? = (a+b)+(a—b)—2,[(a+b)(a—b) = (va+b—+a—h)?.

Andwe havea>b>0. Sowegeta+b>a-bh.

2
Thus, Weget\/a—\/aZ_bZ :\/2131—2\2/6124)2 :\/(\/a+b—2\/a—b) :\/a+b\/_§\/a_b-



