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Examples 2 in Composite Functions

Using three functions below, check to see if (heg)ef = he(gef).

fix—» x+1,0:x —» x*-1,andh: x—» x> + 2.

And we will get to see some more examples, which are going to be though, quite similar
to the one above.



Suggestions or Solutions
To the Problem in the Example Given

Using three functions below, check to see if (heg)ef = he(gef).

f:x —» x+1,0:Xx —» x*—1,and h: x —» x* + 2.

To begin with, assuming R is a set of all real numbers, we have

f(x) =x +1forx e R, g(x) =x*— 1 for x € R, and h(x) = x> + 2 for x € R.
So beginning with he(gef), we get
First, gef = g(f) = P = 1= (x + 1) - 1.
And next, setting p = gef, we get p(x) = (x + 1)* - 1.
So we get he(gef) = hep = h(p) = p® + 2 = {(x + 1)* - 1}* + 2 for x real.
Next, moving on to (heg)ef, we get
First, heg=h(g) =¢®+2 = (x* - 1)* + 2.
And next, setting r = heg, we get r(x) = (x* - 1)% + 2.
So we get (heg)ef = ref = r(f) = (f° = 1)* + 2 = {(x + 1)* = 1}* + 2 for x real.
Therefore, we get he(gef) = (heg)ef.
If not quite sure of the idea behind the processes above, follow the steps below.

What we want to do in this example is to check to see if composite-function-operations
are associative.
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To begin with, finding (heg)ef, we want to find heg first.
So first, assuming y = p(x) = (heg)(x), we have

Xg%Yp = Xg h;g»Yp And in p, we have Xp = Xg.

Now, the function g blends into the function h, the range of g is y > -1, and the domain
of his R, a set of all real numbers.

So we can get the composite function p, defined in the domain of g, which is R. Thus
next, we want to get the expression of p.

We have y = p(x) = (heg)(x) = h(g), y = g(x) =x* -1, and y = h(x) = x® + 2.
So we get p(x) = h(g) = ¢ + 2 = (x* = 1) + 2 for x real.
And we can now move on to (heg)ef, which is equal to pef.

So first, assuming y = q(x) = (pef)(x), we have

Xt %Yq = Xt p—°f>Yq And in g, we have Xq = X.
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Now, the function f blends into the function p, the range of f is R, and so is the domain
of p. So we can get the composite function g, defined in the domain of f, which is R.

Thus next, we want to get the expression of q.
We have y = q(x) = (pef)(x) = p(f), p(x) = (x* = 1)° + 2, and f(x) = x + 1.
Sowe gety = q(x) = p(f) = (FF—1)* + 2 = {(x + 1)* - 1}* + 2, which is OK in R.

And thus, y = {(heg)ef}(x) = {(x + 1) = 1}* + 2 for x real.

3



And next, finding he(gef), we want to find gef first.

So first, assuming y = r(x) = (gef)(x), we have

Xe——¥e 9 5y = X -2V, Andinr, we have X, = X:.

~_  *

Now, the function f blends into the function g, the range of f is R, and so is the domain
of g. So we can get the composite function r, defined in R.

Thus next, we want to get the expression of r.

We have y = r(x) = (gef)(x) = g(f), y =g(x) =x* + 1, and y = f(x) = x + 1.
Sowe getr(x) = g(f) = 2 + 1 = (x + 1)* + 1 for x real.

And we can now move on to he(gef), which is equal to her.

So first, assuming y = s(x) = (her)(x), we have

her

X,— v M oy = X ™5 Y. Andins, we have X, = X; = Xs.

~_ s Y

Now, the function r blends into the function h, the range of r isy > 1, and the domain of
h is R. So we can get the composite function s, defined in the domain R.

Thus next, we want to get the expression of s.

We have y = s(x) = (hep)(x) = h(p), h(x) = x* + 2, and p(x) = (x + 1)* + 1.
So we gety =s(x) = h(p) = p> + 2 = {(x + 1)* + 1}* + 2, which is OK in R.
And thus, y = {he(gef)}(x) = {(x + 1)? + 1}* + 2 for x real.

Now, putting threads together, we have
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y = {(heg)ef}(x) = {(x + 1)* + 1} + 2 for x real.

y = {he(geN}(x) = {(x + 1)* + 1}° + 2 for x real.

Therefore, we get he(gef) = (heg)ef.

In short:

To begin with, assuming R is a set of all real numbers, we have

f(x) =x +1forx e R, g(x) =x*— 1 for x € R, and h(x) = x* + 2 for x € R.
So beginning with he(gef), we get
First, gef = g(f) = P — 1= (x + 1)° - 1.

And next, setting p = gef, we get p(x) = (x + 1)* - 1.
So we get he(gef) = hep = h(p) = p® + 2 = {(x + 1)* - 1}* + 2 for x real.

Next, moving on to (heg)ef, we get
First, heg =h(g) =g®+2 = (x* - 1)* + 2.

And next, setting r = heg, we get r(x) = (x* - 1)° + 2.
So we get (heg)ef = ref = r(f) = (P — 1)* + 2 = {(x + 1)> - 1} + 2 for x real.

Therefore, we get he(gef) = (heg)ef.
So do we have hegef = he(gef) = (heg)ef?
(If you are really serious about composite functions, refer to the explanations below.)

Let’s now check to see if it is the case using three functions below.



fA—»B,g:C—» D,andh: E—» J.
To begin with, finding (heg)ef, we want to find heg first.

So assuming y = p(x) = (heg)(x), D < E, and this time, the range of p is K, we have

c9L pM 3k = c-Mpk

~_, ~

We assume D ¢ E so that the range of g, the function blends into, is a subset of the
domain of h. Then, g can blend into h, and the domain of p is C. So we get

p: C —» K, that is, heg: C —p K.

And next, we want to move on to (heg)ef, which is equal to pef.

So assuming y = q(x) = (pef)(x), B < C, and this time, the range of q is L, we have

A P 5 = AP,

~_gq 7

We assume B < C so that the range of f, the function blends into, is a subset of the
domain of p. Then, f can blend into p, and the domain of q is A. So we get

q: A —» L, that is, pef = (heg)ef: A —» L.

And next, finding he(gef), we want to find gef first.

So assuming y = r(x) = (gef)(x), B < C, and this time, the range of r is M, we have

A A9 s = A2 ywm

~_r
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We have already assume that B < C, so the range of f, the function blends into, is a
subset of the domain of g. Thus, f can blend into g, and the domain of r is A. so we get

r: A—p M, that is, gef: A—» M.

And next, we want to move on to he(gef), which is equal to her.
So assuming y = s(x) = (her)(x), M c E, and this time, the range of s is N, we have

A" A" AN = AN

~_ s Y

We assume M < E so that the range of r, the function blends into, is a subset of the
domain of h. Then, r can blend into h, and the domain of s is A. So we get

s: A —» N, that is, her = he(gef): A —» N.

So putting threads together, we have (heg)ef: A —»L, and he(gef): A —»N

Then, it seems that we have ended up with he(gef) = (heg)ef.

Let’s take a look at though, what expression each of the two functions above has to get.

Then first, setting y = f(x), y = g(x), and y = h(x), we get
y = {(heg)ef}(x) = (pef)(x) = p{f(x)}, and p(x) = (heg)(x) = h{g(x)}.

So next, putting f(x) into x in both of h{g(x)} and p(x), we get p{f(x)} = h[g{FC)}].
Thus, we get (heg)ef = pef = p{f(x)} = h[g{f(x)}].

More specifically, we can set {(heg)ef}(x) = h[g{f(x)}]. In short, (heg)ef = h(g(f)).

And making it more legible, we can put it this way, too, of course: (heg)ef = h{g(f)}.
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And next, moving on to he(gef), we have he(gef) = her = h(r), and r = gef = g(f).
So we get he(gef) = her = h(r) = h(g(f)) since r = g(f).

Thus, we get he(gef) = h(g(f)).

And more legibly and specifically, we can set {he(gef)}(x) = h[g{f(x)}].

So we get {(heg)f}(x) = h[g{f(x)}], and {he(gef)}(x) = h[g{f(x)}].

That is, the expressions in both functions are the same.

Now, putting threads together again, we have

(heg)ef: A—» L, and he(gef): A—» N, together with the fact that the expressions in

both functions (heg)ef and he(gef) are the same.

Then, we can see that we get L = N.

(If taking a function as a system where an expression connects a domain to a range, we
can say that if the domains are identical, and the expressions are identical, the functions
are all the same, and thus, the ranges have to be identical, too.)

It is the case though, only if Dc E,and B C. We have

f:A—»B,g:C—» D,and h: E—» J.

So more specifically, we need to have D c E, and B < C so that he(gef) and (heg)ef can
exist, and then, we can get he(gef) = (heg)ef.

In other words, if D c E, and B < C, we have hegef = he(gef) = (heg)ef.

That is to say that composite-function-operations are associative if the domains and the
ranges can work together.

What if the three functions as follows? f: A—» B,g: B —» C, and h: C —»D.

Then, can we get hegef = he(gef) = (heg)ef with no additional assumption on domains
and ranges?
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To begin with, finding (heg)ef, we want to find heg first.
Lets assume this time, the range of heg is D, which is the range of h.

Then, assuming y = p(x) = (heg)(x), we have

B-% ¢ " y b = B-2,p

~_ , 7

Assuming thus, the range of p is D, we get

p: B—» D, that is, heg: B—» D.

And next, we want to move on to (heg)ef, which is equal to pef.
Let’s assume again, the range of pef is D, too, which is the range of h, of course.

Then, assuming y = q(x) = (pef)(x), we have

A B P yp = AP ,p

~_q 7

Assuming thus, the range of q is D, we get g: A —®D, that is, (heg)ef: A —»D.

And next, finding he(gef), we want to find gef first.
This time, lets assume that the range of gef is C, which is the range of g.

Then, assuming y = r(x) = (gef)(x), we have

A B9 3c = AL,cC

~_r Y
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Assuming therefore, the range of r is C, we get

r: A—» C, that is, gef: A—» C.

And next, we want to move on to he(gef), which is equal to her.
Let’s assume again though, the range of her is D, which is the range of h, of course.

Then, assuming y = s(x) = (her)(x), we have

A" ¢c " yp = Alyp

~N_g Y

So assuming the range of s is D, we get q: A —®D, that is, he(gef): A —»D.

And thus, putting threads together, we get hegef = he(gef) = (heg)ef.

It is the case however, only if we make all the assumptions below.

The range of heg is D, which is the range of h.
If p = heg, the range of pef is D, too, which is the range of h.
The range of gef is C, which is the range of g.

And if r = gef, the range of her is D, too, which is the range of h.



