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Examples 4 in Inverse Functions

0. Assuming f(x) = x? - 3x + 2 for x > 2, find g(x) so that we get g{f(x)} = x.

1. Assuming (gef)(x) = 2x + 1, f(x) = 3x + 4, (uev)(x) = 2x + 1, and u(x) = 3x + 4, find
g(x) and v(x).



Suggestions or Solutions
Problem 0

Assuming f(x) = x* — 3x + 2 for x > 2, find g(x) so that we get g{f(x)} = x.

Assuming 1 is an identity function, we can set g{f(x)} = (gef)(x) = I(X) = x.

So if f is invertible, and thus, is one-to-one, we get g = f ™.

Assuming a and b are constant, and a = b, we can get
fa)—f(b) =a*-3a+2-(b*-3b+2)=a’-b’-3(a—b)=(a-b)(a+b)-3@-h)
=(a-b)(a+b-3). Soifa+b-3cannotbe 0, we get f(a) # f(b).

Suppose now,a>2,and b > 2, sincea#b. Supposealso,a+b-3=0.

Then,wegeta=3-b. Thus,wegeta>2=3-b>2=b<1, but we have b > 2.

Soa+b-3%0,and thus, f is one-to-one. So finding f ™, we can begin this way:

y=x2-3x+2=x2-3x+ ()Y -3 +2=(x-2* -\ +2=(x-2)* -1,
Sowegety+i=(x-3)=>x-2=%y+i=> x=%/y+i+3.

We know the domain in f is x > 2, so finding the range in f, we get

X22=>x-3>1(x-32)’ 21 (x—2)*-1>0. Sotherangeisy>0.

And thus, finding the domain back, we get

y20=>y+i21=,/y+121=\Jy+1+2>2=x22, which is the domain.

Sowegetx =,/y+++2. And next, swapping the variables, we gety = \/x++ +3.

And thus, the inverse is y = f (x) =/x +3+2 forx>0.

We know g = f™*. So we gety = g(x) = X+++32 forx>0.
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If not quite sure of the idea behind the processes above, follow the steps below.

What do we mean by g{f(x)} = x?

It is a composite function where the function f blends into the other function g.

So we can set g{f(x)} = (gef)(x) = X, which is thus, an identity function as y = I(x) = x.
And thus, assuming 1 is an identity function, we can just set it this way, too: gef = 1.
And we have a theorem where f of = [ if f is invertible.

So if fis invertible, we can see this: g = f™.  What then, do we mean by f is invertible?

If f is one-to-one, f is invertible, and has its inverse.
So let’s check to see if f is one-to-one.

Assuming a and b are constant, and a = b, we can check to see if f(a) — f(b) # 0, that is,
f(a) = f(b). If it is the case, f is one-to-one.

And doing the check, we need to seta > 2, and b > 2, or equivalently, a > 2, and b > 2.
That’s because the domain is x > 2, and a # b. And thus, doing the check, we get
fa)—f(b) =a*-3a+2-(b*-3b+2)=a*-b*-3(a—b)=(a-b)(@a+b)-3(@=-h)
=(a-b)(a+b-3).

And we know a—-b = 0sincea=Db.
So if a + b — 3 cannot be 0, either, we get f(a) = f(b).



Supposea+b—-3=0. Then, we geta=3-b. We havea>2, and b > 2, too.
Sowegeta>2=3-b>2= b<1, which however, contradicts the fact that b > 2.

Sowegeta+b-3=#0ifa>2,andb> 2.

And the same is true, too, for the case where a > 2, and b > 2. That’s because in this case,
the case where a > 2, and b > 2 is equivalent to the case where a > 2, and b > 2.

So f is one-to-one, and thus, is invertible. And finding first, the expression of the inverse,
we solve for x, the equation made of the expression of f, then swap the variables.

Without using the quadratic formula, we can begin this way:
y=x2-3x+2=x2-3x+ ()Y - +2=(x-3* -\ +2=(x-2)* -1

Sowegety+i=(x-32)=>x-$=%,/y+i= x=%,y+1+2, which means two
expressions.
Thus, we need to choose one fromx = \/y+++3,and X =-\/y+ 3 +3

We know the domain of f is x > 2, so finding the range of f, we get
X22=>x-321(x-2)?21i=(x-3)’-1>0. Sotherangeisy=>0.
Thus, finding the domain back, which is x > 2, we get

Y20 y+421=>\YV+5 23y +1<-3=>-y+1+2<1=>x<1, whichis not

the domain. So next, using the other expression, we can get

y20=>y+ixi= Jy+i>l= Jy+142>2=x>2, which is the domain.
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Sowegetx =,/y+++2. And next, swapping the variables, we gety = \/x++ +3

And thus, the inverse is y = f(x) =/x+1 +32 for x > 0.
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And we know g = ™. So we get y = g(x) =Jx+1+3 forx>0.

Fig. 3.0 y

e And we can get the same, too, using the idea on composite functions.

Assuming h = gef, we can set h(x) = (gef)(x) = x.

In other words, h(x) = g(f(x)) = x.

That is, putting the expression of f into the input variable in the expression of g, we get X,
which is the expression of the composite function h.

So suppose next, t = g(s), where s is just the input variable, and t is merely the output
variable. Then, putting the expression of f into the input variable s in the expression of g,
we get X.

That is, putting x> — 3x + 2 into the input variable s in the expression of g, we get x.
So we can set s = x* — 3x + 2. And thus, finding the expression of g, we get first,

S=X=3x+2=X=3x+ ()’ - (3 +2=(x—-2)? - (&) +2=(x-3)* -1,

So next, we gets+1=(x—%)’ = x—<=1,/s+1 = x=+,/s+1 +2,which means two

expressions. We need thus, to choose either of the two. How though?



We know x > 2, and we have s = x* - 3x + 2 =(x—3)* =1, So we get first,

X22=>x-321(x-2)* 21 (x-2)*-1>0. Sowegets=0.
And we have x =+,/s+++2. Sousing s> 0, we should be able to get this back: x > 2.

s>20=>s+41i>1= [/s4+1

1 1 3
27 122> -[S+HE <> s+ +5<1=>x< L

4 — 2

S20=>S+ 421D (S+H 25D \S++322=>Xx22,

So we get X = ,/s++ +3, which is the expression of g. And we have set t = g(s).

Sowe gett=g(s) =/s+3+3.

We know s and t are just the input variable and the output variable in the function g.

That is, g is simply in the s-t system, which is just another name of a perpendicular
coordinate system as the x-y system. In a perpendicular coordinate system where we use
two variables, two coordinate axes are perpendicular to each other.

So putting g in the x-y system, we just use x and y in place of s and t, and thus, we can

just sety =g(x) = ++3 forx>0.
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Suggestions or Solutions
Problem 1

Assuming (gef)(x) = 2x + 1, f(x) = 3x + 4, (uev)(x) = 2x + 1, and u(x) = 3x + 4, find
g(x) and v(x).

Finding ™ first, we get first,y = 3x + 4 = x = VT“‘

Sowegety=f(x) = *=2 for x real.

Thus next, assuming h = gef, we get h(x) = 2x + 1, and also, hef * = gefef * = g.
Sowe get hef = h(f%) = 2f 1 + 1 =2. 254 41 = 2x83 _ 25
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Therefore, we gety = g(x) = 2> for x real.

We have (gef)(x) = g(f(x)) = 2x + 1. So assuming t = g(s), we can set s = 3x + 4.

And we know that x in 2x + 1 is the same as the x in 3x + 4.

And thus, finding the expression of the function g, we get

S=3X+4=X=12x+1=2-F 1 =288 = 25

So we gett = g(s) = 25=.

The two functions u and f are the same. So we have y = u™(x) = *=2 for x real.
Thus, setting h = uev, we get h(x) = 2x + 1, and also, u™eh = u™euev = v.
That is, u™eh = v. We have u™(x) = %%, and h(x) = 2x + 1.

So we get ueh = u(h) =15t = 214 — 263 And thus, y = v(x) = 22 for x real.

We have u(x) = 3x + 1, and (uev)(x) = 2x + 1.

So we can just get (uev)(x) = u(v(x)) = 3-v(x) + 4 = 2x + 1.
And thus, we get 3-v(x) = 2x + 1 -4 = 2x - 3 = v(x) = &3,



If not quite sure of the idea behind the processes above, follow the steps below.

Let’s begin with the function g.

We are given two functions, one is a composite function (gef)(x) = 2x + 1, and the other
is a function f(x) = 3x + 4.

In this case, we can find the function g using either of two ideas. One is the idea where
composite function gets made, and the other is using theorems on inverse functions.

Let’s begin with the theorems first. We can use two theorem as follows.
One is that fef * and f ef are identity functions as y = 1(x) = x.

And the other is that pegqer = (peq)er = pe(ger), where p, g, and r are functions, of
course.

So putting the two theorems together, we can see these:

gefef ' =gel =g, gef'ef=gel=g, fefleg=leg=g, andf ™ efeg=1leg=g.
And thus, of the four equalities above, we use this: gefef * = g.
So we want to find f .

Finding the expression first, we solve for x the equation y = 3x + 4, then swap the
variables. So solving the equation, we get

y=3+4=>x= VT“‘ And next, swapping the variables, we gety = %*.

So we gety = f™(x) = %% for x real.

Thus next, assuming h = gef, we can set h(x) = (gef)(x) = 2x + 1.
So we get h(x) = 2x + 1. And also, we can get hef * = gefef %, which is g, of course.

That is, hef ™ = g.
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Now, we get hef = h(f™) = 2f * + 1 =2. 654 4 1 = 2x8+8 = 265

Therefore, we gety = g(x) = 2> for x real.

e And let’s next, use the idea on composite functions.
Suppose again, h = gef. Then, we can set again h(x) = (gef)(x) = 2x + 1.
In other words, h(x) = g(f(x)) = 2x + 1.

That is, putting the expression of f into the input variable in the expression of g, we get
2x + 1, which is the expression of the composite function h.

So suppose next, t = g(s), where s is just the input variable, and t is merely the output
variable.

Then, putting the expression of f into the input variable s in the expression of g, we get
2x + 1.

That is, putting 3x + 4 into the input variable s in the expression of g, we get 2x + 1.

Then, we can set s = 3x + 4. Now, from where is x in 2x + 1?

The x in 2x + 1 is from the expression of f, which is 3x + 4.
That is, X in 2x + 1 is the same as the x in 3x + 4. And we have s = 3X + 4.

So putting x in terms of s, we get an expression in terms of s, and then, we can put the
expression into x in 2x + 1.

That is, solving s = 3x + 4 for x, we get the solution which is an expression in terms of s,
and then, we can put the solution into x in 2x + 1, because X in 2x + 1 is the same as the
X in 3x + 4. What then, do we get?
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We get an expression in terms of s, which is the expression of the function g.

So putting s = 3x + 4 back into s in the expression of g, we get an expression in terms of
X, and the expression is 2x + 1, which is the very expression of the composite function h.

And thus, finding the expression of g, we get
S=3X+4=>X=22x+1=2.2 41 =208 = 28
So we get t = g(s) = &52.

We know s and t are just the input variable and the output variable in the function g.

That is, g is simply in the s-t system, which is just another name of a perpendicular
coordinate system as the x-y system.

So putting g in the x-y system, we just use x and y in place of s and t, and thus, we can
justsety =g(x) = 242,

e And let’s next, move on to the other function v(x).

As in the case above, using the two theorems, we can find the function v(x).

We have (uev)(x) = 2x + 1, and u(x) = 3x + 4.

So using the two theorems above, we can get u™euev = v.

And thus, we want to find first, u™. However, we have already got the inverse because
the two functions u and f are the same. So we have y = u™(x) = x4 for x real.

Thus, setting again h = uev, we can set h(x) = (uev)(x) = 2x + 1.

So we get again h(x) = 2x + 1. And we can get u™eh = u™euev, which is v, of course.

That is, u"eh =v. We have u™(x) = %% ,and h(x) = 2x + 1.
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So we get uteh = u™(h) =hst = 2014 = 23 - Apg thus, y = v(x) = 22 for X real.

e And let’s next, find the function v using the idea on composite functions.

Suppose again, h = uev. Then, we can set again h(x) = (uev)(x) = 2x + 1.
In other words, h(x) = u(v(x)) = 2x + 1.

That is, putting the expression of v into the input variable in the expression of u, we get
2x + 1, which is the expression of the composite function h.

In this case though, unlike the case of g above, we have the expression of the function u.
We have u(x) = 3x + 1.
So we can just get (uev)(x) = u(v(x)) = 3-v(x) + 4 =2x + 1.

And thus, we get 3-v(x) = 2x + 1 -4 =2x - 3 = v(x) = 22,
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