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Examples 7 in Lines

0. Assuming a line includes two points (1, 2) and (3, 5), find the distance from the line
to a point (-5, 3).

1. Assuming a line of slope 2 includes a point (2, 5), and one of two points symmetric
about the line is (3, 2), find the other point.



Suggestions or Solutions
To the Problem in the Example 0

Assuming a line includes two points (1, 2) and (3, 5), find the distance from the line
to a point (-5, 3).

Suppose that

L is the line that includes the two points (1, 2) and (5, 3), and that P is the point (-5, 3).
N is the line that includes the point P, and is perpendicular to the line L.
Q is the point where the line L meets the line N.

Then, first, the slope of the line L is3=%=3.

Next, since L has (1,2), Lisy—2=3(x-1)= y=3(x-1)+2=3x+13.
Next, since N is perpendicular to L, if n is the slope of N, we get%n =-1l=>n= —%.

Next, N has (-5, 3), S0 N isy—3=—-2(x+5)= y=—2(x+5)+3=-2x-1.

Next, getting the point Q, and getting the x-coordinate first, we can get it the way below.
3 1__2 1 3,2 —_1_1 13x —_ 5 — 5
St = 532G rIXE D T g2 X= gy

P H — 8 1_3,-5,1_-15,1__-=2_-1
So next, getting the y-coordinate, we gety =3 X+5=3- 3 +5=52+5=3c=T3
Therefore, Q is at(—E, E)-

Next, if D is the distance between P and Q, D is the solution, and we can get D this way:

2 2 2 2 2
(=5 - (B + (-5 =3 = (- 5+5)+ (5+3)2 = () + (&2

_ 60%+40% _ 3600+1600 __ 5200 _ 13-4-10 _ 410> _ 20 2 20 20 _ 420413

oo T 1 T o1 o1z T 13 =4 =>D=%=>D= T‘ 3

Therefore, the distance is %

If not quite sure of the idea behind the processes above, follow the steps below.

What do we mean by the distance from a particular point to a line?
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In math, the distance is the shortest distance between the line and the particular point.
What then, do we mean by the shortest distance?

It can be called the perpendicular distance from the particular point to the line.
What perpendicular distance?

It’s the length of the line segment perpendicular to the line, beginning at a point in the
line, and ending at the particular point.

In other words, It’s the length of the line segment perpendicular to the line, and in the
line segment, one end is the particular point, and the other end belongs to the line.
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Suppose for instance, A is the line, P is the particular point, and B is a line the particular
point P belongs to, and is perpendicular to the line A.

Suppose also, that Q is the point where the line B meets the line A.

Then, the shortest distance is the distance between the particular point P and the point Q.
That is, the distance between A and P is the length of PQ.

So we now can see what we want to get first, to get the distance this problem is asking.

We want to get the line that has the two points (1, 2) and (3, 5), the line perpendicular to
it, and get the point where the two lines perpendicular to each other meet.

So suppose first, L is the line the two points (1, 2) and (3, 5) belong to, P is (-5, 3), N is
the line perpendicular to the line L, and Q is the point where L and N meet each other.

Then, finding the point Q, we can get the distance from P to Q by the distance formula,
and the distance is the solution. So finding the point Q, what do we need to get first?



We want to get the two lines L and N. Of the two though, we can find the line L first,
since we know two points in L. So we can readily find L, but how do we get the line N?

Once we’ve got the line L, we can get the slope of L. Then, we can get the slopes of N
from the slope of L, since both lines are perpendicular to each other. The product of the
slopes of the two lines is -1.

So to begin with, the line L includes (1, 2) and (3, 5), so its slope is% = % = %
y —_

Next, L includes (1, 2), so L can be put this way: y —2 =3 (x—1), where 3 is the slope.

So the slope of the line N is—%, since N is perpendicular to L, and -1 is the product of
their slopes. And the line N includes (-5, 3), so N can be put this way: y —3 =—2(x +5).
What then, is the next?

We want to find the point Q where the line L meets the line N.

The line L is y—2=%(x—1), and the line N is y —3=—%(x+5).
Beginning with the x-coordinate at Q, we want to eliminate y.
So preparing first, for the elimination, we get
y=2=3(x-1)=>y=3(x-1)+2=3+1.

y-3=-2(x+5)=> y=—2(x+5)+3=-2*-1,

Now, we get3X+1=—2x_1= (34 2)x=-1 1l Bx -5 x=_25

H -3 1 — 3 1.3, -5,1_-15,1__-2_-1 — 1
Next, usingy ==X+ ,wegety=3x+5=5-S+5=2+5;==3=>Y=—13
Therefore, we can see that the point Q is at —1—53,—%). What then, is the next?
Now, we can get the distance between the two points P and Q, which is the solution.

We know that the point P is at (-5, 3), and that the formula is D* = (Ax)? + (Ay)?, where
D is the distance, Ax is the difference between the x-coordinates at the two points, and
Ay is the difference between the y-coordinates. So we get
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D2 = {5 (-9 +(-5-3) = (- 5+5) + (5 +3)" = ()" + (&)’

_ 60?+40> _ 3600+1600 _ 5200 _ 13-410> _ 410> _ 20° 2 20 _ 4 20413
= = R S B =A== D =T -=D= J__i 13
Therefore, the distance is ZOJ_ ,since a distance is > 0. Why not justD = though?

\/7 ’

Normally, a rational number is preferred in the denominator, since it makes more sense.
By the way, we have a formula for the distance between a point and a line. Assuming D

|as+bt +c|

JaZ+b?

is the distance from a point (s, t) toa lineax + by + c =0, we get D =

We will get to see how to get it in the next section.

In short:

Suppose that

L is the line that includes (1, 2) and (5, 3), and P is the point (-5, 3).

N is the line that includes the point P, and is perpendicular to the line L.
Q is the point where the line L meets the line N.

Then, first, the slope of the line L lsg— 5
Next, Lhas (1,2),s0Lisy-2=3(x-1)= y=3(x-1)+2=3x+1.

Next, N is perpendicular to L, so if n is the slope of N, we get % =-1l=n= —%.

Next, N has (-5, 3), SON isy—3=-2(x+5)= y=—-2(x+5)+3=-%x—-1.

Next, getting the point Q, and getting the x-coordinate first, we can get it the way below.

S plo_2x Loy (342)x=—

2 = X =—->. S0 next, getting the y-

=5s=73. SoQisat(—3,

coordinate, we gety =3 x +1=3. =

13)

Next, if D is the distance between P and Q, D is the solution, and we can get D this way:

2 2 2 2 2
= {5 - (B +(-%-3)"=(-5+5°+(E+3)" = (&)’ +(53

_ 60%+40% _ 3600+1600 _ 5200 _ 13-410% _ 410° _ zo2 2 20 20 _ 4 20413

T T o1 T o1 13 T 13 =D = D= T‘ 13 -

Therefore, the distance is %



Suggestions or Solutions
To the Problem in the Example 1

Assuming a line of slope 2 includes a point (2, 5), and one of two points symmetric
about the line is (3, 2), find the other point.

Suppose first, P is (3, 2), L is the line of slope 2 passing through P, Q(s, t) is the point
symmetric to P about the line L. N is the line perpendicular to the line L, and has two
points P and Q, and R(u, v) is the midpoint between the two points P and Q.

Then, the line L is the axis of symmetry, the midpoint R is the point where the two lines
L and N meet each other as well as the midpoint between the two points P and Q.

So first, since the line L has (2, 5) and the slope is 2, the line Lisy -5 =2(x - 2).

Next, in the line L, the slope is 2.

So if nis the slope of the line N, we get 2n=-1=n= —%.

Thus, the lineNisy—-2= —%(X—3) since the point P(3, 2) is in the line N.
Next, R(u, v) is the midpoint between the two points P(3, 2) and Q(s, t).

— 348 — 2t
So we getu==*,and v =<

Next, the line L isy — 3 = 2(x — 1), so putting the midpoint R into the line L, we get
y-5=2(x-2)=>v-5=2(u-2)=>21-5=2(%-72)
=>2+t-10=4(32-2)=25-2=>1t-8=25-2= 25—t =—6.

Next, the line N isy—2= —%(X—3), so putting the midpoint R into the line N, we get
y—2=-2(x-3)=>v-2=-2(u-3)=> 42 2=_1(&:_3=>t+2-4=3-3=

=2t-4=6—-(3+s)=3-s=>s+2t="7.

Now, we need to solve the system of equations, 2s—t=-6and s + 2t = 7.

To begin with, we can get 2s —t =-6 = 45— 2t =-12. Thus, we get
(4s-2t)+(s+2t)=-12+7=55=-5=>5=-1=2s5+2t=-1+2t=7=2t=8=t=4.
Therefore, Q is at (-1, 4).
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If not quite sure of the idea behind the processes above, follow the steps below.

If two points are symmetric about a line, the distance from one of the two points to the
line is the same as the distance from the other to the line. Then, the line is called the axis
of symmetry, and the two points are in a line perpendicular to the axis of symmetry.

So to begin with, putting in a graph the points and the line given, along with some points
deemed to be necessary or relevant, we can see better the solution’s whereabouts.

Fig. 0

™ the axis of symmetry

Suppose now, that

P is the point (3, 2).

L is the line of slope 2 passing through the point P.

Q(s, t) is the point symmetric to the point P about the line L.

N is the line perpendicular to the line L, and has two points P and Q.
R(u, v) is the midpoint between the two points P and Q.

Then, the line L is the axis of symmetry, and the midpoint R is the point where the two
lines L and N meet each other as well as the midpoint between the two points P and Q.

So the problem solving procedure can go as follows.

To begin with, find the axis of symmetry L, then the line N.
Next, find the midpoint R, then the point Q symmetric to the point P.

Now, let’s get started with finding the line L, which is the axis of symmetry.
Since the line L has (2, 5) and the slope is 2, the line L isy — 5 = 2(x — 2).

Next, let’s move on to the line N.
To begin with, -1 is the product of the slopes of two lines perpendicular to each other.



So since the line N is perpendicular to the line L, the slope of the line N can be found
from the slope of the line L. In the line L, the slope is 2.

So if nis the slope of the line N, we get 2n=-1=n= %

Thus, the line N is y—2=—%(x—3) since the point P(3, 2) is in the line N.

We are now ready to get the midpoint R.

e The coordinates of the midpoint between two points are the respective averages of the
x-coordinates and y-coordinates of the two points.

So the x-coordinate of R is the average of the x-coordinates of the two points P and Q,
and the y-coordinate of R is the average of the y-coordinates of the two points.

The coordinates of the point R(u, v) are u and v, each of which can be put in terms of s
and t, since R is the midpoint between the two points P(3, 2) and Q(s, t).

Also, the midpoint R is the point where the line L meets the line N.
So the point R belongs to not only the line L but the line N, too.

Thus, putting R into the equations of the lines L and N respectively, we will eventually
get a system of two equations for s and t. So solving the system, we can get the point Q.

So to begin with, getting the midpoint R between P and Q, we getu = % and v= %
Next, the line L isy — 5 = 2(x — 2), so putting the point R(u, v) into the line L, we get
y-5=2(x-2)=>v-5=2(u-2)=> 21 -5=2(32-2) because u=3= and v =2t

So we get 2+t—10=4(%—2)=2s—2:>t—8=25—2:>25—t=—6.

Next, the line N is y—2=—%(x—3), S0 putting the point R into the line N, we get
y-2=-1(x-3)=>v-2=-2(u-3)=>H2-2=—1(&_3) = t+2-4=3-3

=2t—-4=6—(3+35)=3-s=>s+2t=".

Now, we need to solve the system of equations, 2s—t=-6and s + 2t = 7.
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To begin with, we canget 2s—t=-6 = 4s- 2t =-12. And we have s + 2t = 7, too.
Sonext, (4s-2t) +(s+2t)=-12+7=>55=-5=>s5=-1.
Next,s+2t=7=-1+2t=7=2t=8=1t=4. Therefore, Qis at (-1, 4).

Let’s now, try another way. It is about the same method as above, though.

We have

P is the point (3, 2).

L is the line of slope 2 passing through the point P.

Q(s, t) is the point symmetric to the point P about the line L.

N is the line perpendicular to the line L, and has two points P and Q.
R is the midpoint between the two points P and Q.

Thus,

the distance from the point P to the line L is the same as the distance from the point Q to
the line L, so the line L is the axis of symmetry.

The two points P and Q are in the line N perpendicular to the axis of symmetry L, and
the midpoint R is in the line N, too.

Then, the problem solving procedure can go as follows.

First, find the line L, then the line N.
Next, find the midpoint R, where the line L meets the line N.
Next, find the distance from the point P to the midpoint R. Call the distance D.

Next, setting the distance from P to R equal to the distance from R to Q, we can get an
equation, which is for s and t.

Next, putting Q into the line N, we get another equation, which is for s and t, too.
Finally, solve the system of the two equations for s and t.

So to begin with, the line L isy — 5 = 2(x — 2), and the line N is y—2=—%(x—3).

Let’s next, find the midpoint R where the line L meets the line N.
We can put the two equations above the way below, too.

L(x,y)=2(x-2)-(y-5)=0, and N(x,y)=—%(x—3)—(y—2)=0.

Then, we need to solve the system of equations as follows. L(X, y) = 0, and N(x, y) = 0.
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LX,y)=0=>2(x-2)-(y-5)=2x-4-y+5=2x-y+1=0=>y=2x+ 1.

N(X,y)=0=>-3(x=3)=(y-2)==F+3-y+2=-5+ +

N[~

_y=0:> y=-—

N X
N~

So we get 2x+1=—§+%:>4x+2=—x+7:>5x=5:> X=1=>y=2x+1=3.
So the midpoint R is at (1, 3). So the next is the distance D between P(3, 2) and R(1, 3).

Finding it, we get D?= (3-1)*+ (2-3)?=4 + 1 =5 = D? = 5. Just leave it at that.

Next, setting up an equation where D is the same as the distance between R(1, 3) and the
symmetric point Q(s, t), we get one of the two equations for s and t.

That is, setting (s — 1) + (t—3)*=D? =5, we get 5 = (s — 1)? + (t - 3)2

Next, putting the point Q(s, t) into the line N, we get the other equation.

. o ; _ ;
The line N isy =—2+7,s0 we get t =—3+7.

Now, we want to solve the system as follows. 5 = (s — 1)* + (t— 3)*and t =— +%.

s
2
Eliminating t, we get 5= (s—1)° + (52 + 2 - 3)* = (s —1)” + (=2t1=8)" = (s —1)* + (=5£2)?
=(s-1)2 +(351)? = (s-1)? + L = 5 5 - 56 (s-1)2 =4,

How come we get a quadratic equation having two different roots, though?

One of the two values of s is the x-coordinate of the point P, and the other is that of the
point Q. How come?

The system of the two equations is composed of 5 = (s — 1)* + (t— 3)’ and t = —§+%.
The first of the two is an equation of a circle of radius~/5 centered at (1, 3), which is the
midpoint R.

The second is an equation of a line of slope—% passing through P(2, 3), and the line is in

fact, the line N.

Thus, the solution to the system is composed of coordinates of the two points P and Q
symmetric to each other about the line L. Refer to the figure below.
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Fig. 1
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The line N/

Note that the lines and circle are in the s-t plane, now. That’s simply because we use s
and t as the variables in the equations. If we use x and y as the variables, the lines and
circle will be in the x-y plane, of course. Let’s now, get going. We are now at (s — 1)* = 4.

Soweget(s—1)*=4=(s—1=2o0r-2) = (s=3or-1).

Next, we need to find t. We have t =— +%. S0s=3=t=— +%=—%+

N[~
Il

N
Il
N

S
2
Thus, we get (s, t) = (3, 2), which is the point P given already.

Next, whens=-1, we get t=—3+L=-3L+L=3=4 Sothe point Q is at (-1, 4).

2

S
2

Now, let’s have a look at in the graph below the two points (3, 2) and (-1, 4) symmetric
to each other about the line 2x —y + 1 = 0, which is equivalent to y = 2x + 1, which is
the line L.

Fig. 2 % /y=%
y=4

\ / /

\* J / y:2
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In short:

The First Method

Suppose first, P is (3, 2), L is the line of slope 2 passing through P, Q(s, t) is the point
symmetric to P about the line L. N is the line perpendicular to the line L, and has two
points P and Q, and R(u, v) is the midpoint between the two points P and Q.

Then, the line L is the axis of symmetry, the midpoint R is the point where the two lines
L and N meet each other as well as the midpoint between the two points P and Q.

So first, since the line L has (2, 5) and the slope is 2, the line Lisy -5 =2(x - 2).

Next, in the line L, the slope is 2.
So if nis the slope of the line N, we get 2n=-1=n= —%.

Thus, the line N is y—2=—%(x—3) since the point P(3, 2) is in the line N.

Next, R(u, v) is the midpoint between the two points P(3, 2) and Q(s, t).

= 348 — 2t
So we getu==*,and v =<

Next, the line L isy — 3 = 2(x — 1), so putting the midpoint R into the line L, we get
y-5=2(x-2)=>v-5=2(u-2)=> 21 -5=2(3-2)
=>2+t-10=4(32-2)=25-2=>1t-8=25-2= 25—t =-6.

Next, the line N isy—2= —%(x—3), so putting the midpoint R into the line N, we get
y-2=-1(x-3)=>v-2=-2(u-3)=>H2-2=—1(&_3) = t+2-4=3-3

=2t-4=6—-(3+s)=3-s=>s+2t="7.

Now, we need to solve the system of equations, 2s—t=-6and s + 2t = 7.

To begin with, we can get 2s —t =-6 = 45— 2t =-12. Thus, we get
(4s-2t)+(s+2t)=-12+7=>55=-5=>5s=-1=2s+2t=-1+2t=7=2t=8=t=4.
Therefore, Q is at (-1, 4).

The Second Method
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Suppose that

P is the point (3, 2).

L is the line of slope 2 passing through the point P.

Q(s, t) is the point symmetric to the point P about the line L.

N is the line perpendicular to the line L, and has two points P and Q.
R(u, v) is the midpoint between the two points P and Q.

Then,

the line L is the axis of symmetry.

The midpoint R is the point where the two lines L and N meet each other as well as the
midpoint between the two points P and Q.

So first, the line L has (2, 5), and the slope is 2, so the line L isy —5 =2(x — 2).
Next, if n is the slope of the line N,2n=-1=n=—3 because L is perpendicular to N.
Thus, the line N is y—2=—%(x—3) since (3, 2) is in the line N.

Next, the midpoint R is the point where the line L meets the line N.
So finding R, we want to solve the system of equations of two lines L and N.

Subtracting the equation of N from the equation of L, we can eliminate y, and can get the
x-coordinate at the point R. So to begin with, we get

Next, finding the y-coordinate, we gety—-5=2(x-2)=2(1-2)=-2= y=3.
Thus, the midpoint R is at (1, 3).

Next, the distance from P to R equals the distance from R to Q(s, t).
Soweget(3-1)°+(2-3)?=4+1=5=(s—1)%+ (t-3)%

i i — 7 _1- — 1=
Also, putting Q(s, t) into N, we get t =S+ 5= =t =5,

Next, we can gett —3 =155 -3 =15 so we get5 = (s—1)° +(t—3)* = (s —1)* +(52)?

= (512 + L 56 5 56D oy (5_1)2=4=> (s-1=20r-2) = (s = 3or-1).

Then first, we gets =3=t =552 =2 =2 = (s,t) = (3,2), which is P given already.

> =

Next, we gets = -1=t =152 =2=4. Thus, the point Q is at (-1, 4).
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