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Examples G in Lines

0. Find a point P(s, t) that is the same distance away from both the two lines as follows.
2x-y-1=0and3x+2y-2=0.

And that’s not it, of course.

In this set of examples, we are going to cover how to come up with the formula for the
distance from a point to a line, and will cover how to get an area of a triangle using three
points given.



Suggestions or Solutions
To the Problem in the Example 0

Find a point P(s, t) that is the same distance away from both the two lines as follows.
2x-y-1=0and3x+2y-2=0.

|as+bt-+c|

a’+h?

The distance from a point P(s, t) to a lineax + by +c =0 is

Suppose A is the line 2x —y -1 =0, and B is the line 3x + 2y — 2 = 0.
[2s—t-1] _ |2s-t-1]
NoETETIE -

And next, the distance d from the point P to the line B is S22 — Bs+2t=2
32422 V13

Then first, the distance d from the point P to the line A is

2s—t-1] _ [3s+2t-2] | 5541 3542t-2
—_ =+
SRR = N NS T

The last expression above is the connective expression between coordinates of the point
P, and is from the fact that P is the same distance away from the two lines A and B.

All the lines are in the x-y system, so replacing s and t with x and y, we get an equation
indicating two lines, where every point is an equal distance away from both of the lines
A and B, and thus, can be the point P.

2 io 2X=y-1  3x+2y-2 2 2x—y—1_3x+2y—2:
One of the two lines is NG + N =0, and the other is NG N 0.

And simplifying the two equations, we get

Zx-fsy-lﬁ”}lg‘z =0=13(2x - y-1)+/5(3x+2y-2)=0

= (2413 +3v/5)x + (24/5 —/13) y - (24/5 ++/13) = 0.

2x;%/—1_3x:r/%—2 =0:>\/E(2X— y—1)—\/§(3x+2y—2)=0

= (213 -35)x = (25 +/13) y + (2+/5 -/13) = 0.

If not quite sure of the idea behind the processes above, follow the steps below.
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To begin with, what is the distance from a point to a line? What do we mean by the
distance from the point P to both the two lines?

Taking the distance from a point P to a line L, for instance, we take the length of the
shortest line segment connecting the point P and the line L.

Such a line segment is perpendicular to the line L, and in fact, connects two points.
One is the point P, and the other is one of the points in the line L.

So the distance is the length of the line segment that begins with the point P, is
perpendicular to the line, and ends at a point in the line L, of course.

Now, suppose A is the line 2x —y -1 =0, and B is the line 3x + 2y - 2 = 0.

Then, taking the distance from the point P(s, t) to the line A, we first, need to find the
line containing the point P and perpendicular to the line A.

The same is true for the distance from the point P to the line B, also.

Suppose now, C is the line perpendicular to the line A, D is the line perpendicular to the
line B, and the two lines C and D pass through the point P.  Then, where do the two
lines C and D meet each other?

The lines C and D meet at the point P, of course, which is the same distance away from

each of the two lines A and B.

Fig. 0




Fig. 1
We can see however, another

point that is equal distance away
from A and B both.

For instance, it can be a point
below the x-axis, which is
shown on the left.

In fact, there can be infinitely many points, each of which is equal distance away from
both of two the lines A and B. So there are infinitely many points each of which can be
the point P. What exactly though, are all those points?

All such points constitute two lines. And indicating the two lines by two dotted lines, we
can put the two dotted in the graph the way below.
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So we want to find the two dotted lines, that is, the equations of the two dotted lines.
Suppose now, E and F are the dotted lines.

Then, the point P(s, t) is not just a particular point. But the point P represents all the
points in each of the lines E and F, too.

So every point in E and F can be the point P(s, t).

We can approach the two lines E and F in such a way as follows.

Suppose first, in the graph above, C is a line perpendicular to the line A, and D is a line

perpendicular to the line B. Then, we can get the two lines E and F if finding two points.
What two points though?

At one of the two points, the line A meets the line C, and at the other, the line B meets
the line D. How then, can we get the two lines E and F?

We can get the lines E and F by means of the fact that the point P is the same distance
away from each of A and B. We want to find however, the two lines C and D, first.
Now, finding C and D, we can begin with two facts below.

e The line C is perpendicular to the line A, and the line D is perpendicular to the line B.

e If two lines are perpendicular to each other, the product of their slopes is -1.

So let’s first, get the slopes of the lines A and B. Then, we get

Theline A: 2x-y-1=0=y = 2x - 1 = the slope of the line A'is 2.
ThelineB:3x+2y-2=0= y=—%x+1 = the slope of the line B is —%.
Thus, the slope of the line C is —%, since it is perpendicular to the line A.

SothelineCisy—t= —%(x — ), since it includes the point P(s, t)
And putting the line C in the point-slope form, we gety = —% X+t+3.



Next, the slope of the line D is % since it is perpendicular to the line B.

- - _ 2 - - - - -
So the line D is y—t =£(X —s) since the point P(s, t) is in the line D, too.
And putting the line D in the point-slope form, we gety =2 x +t —28.

Next, assuming Q is the point where the line A meets the line C, find the point Q.
Theline Aisy=2x-1,and the lineCisy=-31x+t+3.
So beginning with the x-coordinate of Q, we get

_1=_1 S 5v _ s _ 2t+s+2 _ 2t+s+2
2Xx-1= 2x+t+2:2x_t+2+1_—2 = X =9

So next, the y-coordinate isy =2x—-1= W—l = 4‘+2§+4-5 = 4t+gs-1,

; ; 2t+542 At+2s-1 inh e i ;
Therefore, the point Q is at (”%,”TS), which is in the line A.

Next, assuming that R is the point where the line B meets the line D, find the point R.
ThelineBisy=-3x+1,andthelineDisy=2x+t—2.

Thus, beginning with the x-coordinate, we get

3 _2 _2s 2 . 3\y 1+ 25— 13y, _ 25-3t+3 _ 45-6t+6 _ 45-6t+6
—SX+1=5X+t 3:>(3+2)x_1 t+S5 = P x=S = 1200 o x = S8,

So next, the y-coordinate is y=—%x+l=—%-“s‘l—‘§t”+1=W+lzw.

Therefore, the point R is at (40146 =6s83tid) which is in the line B.

Now, we can get the two lines E and F by means of the same distance from P to each of
the two lines A and B. And getting them, we are going to use two facts below, too.

e The distance between P and Q is the same as the one between P and R.
« The formula for such a distance is d? = (Ax)? + (Ay)?, where d is the distance.

So assuming d; is the distance from P to Q, and d is the one from P to R, and beginning

H — o _ 2t+s+2 __ 55-2t—s—2 __ 45-2t-2 — + _ 4t+2s-1 __ 5t—4t—2s+1 __ t—2s5+1
with d;, we getAx =s e AV £ =28 =12,

So we getd,” = (45=21=2)? 4 (=2s41)2 = L (45— 2t —2)° +(t —25+1)°}. Meanwhile,

(t—2s+1)2={-(2s-t-1)} = (2s—t—1)? and (4s — 2t — 2)* = 2%(2s — t — 1)*.

So we getd,? = A {(45—2t—2)2 + (25—t —1)?} = 2D _ @D
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Moving next, on to the other distance d;, we get

— q_ A4s—6t+6 _ 135s—4s+6t—6 _ 95+6t 6 — —65+9t+4 __ 13t+65-9t—4 __ 6s5+4t—4
Ax=s 13 13 ,and Ay=t- 13 13 - 13

ilo 9s+6t-6 _ 3(3s+2t-2) 6s+4t—4 __ 2(3s+2t-2)
Meanwhile, ) 3 ,and o R

2 _(3(3s+2t 2)) +(2(3s+2t 2)) 13(3s+2t-2)° _ (35+2t-2)°

So we get d, 7 B

t (2s-t-1)* _ (3s+2t-2)?
5 - 13 '

And thus now, since we have d;* = d,%, we ge

Now, the final equation above is the connective equation between the coordinates of the
point P(s, t), and is from the fact that P is the same distance away from A and B.

We know the point P represents all the points in the two lines E and F, where each of all
the points is an equal distance away from both the lines A and B.

So the final equation above is the equation that indicates the two lines E and F.
Both lines E and F are in the x-y coordinate system, so replacing s and t with x and y in
the equation above, we can put the equation in the x-y system. That is to say that we get

(2x-y-1)> _ (3x+2y-2)
5 - 13 )

Then, factorizing the equation above, we can extract the two lines E and F. How?

We can readily factorize the equation into the form as follows,
(ax + by + c)(dx + ey + f) = 0 where a, b, c, d, e, and f are constant.

And we have a factorization identity, A= B*= (A + B)(A—B). So we get

2x=y-1)* _ (3x+2y-2)°
(xg ) _ (Bx+2y-2) _

(2x—y—1)? (3x+2y 2?2 _ /2x- y -1 3x+2y—2 2x-y-1  3x+2y-2y _
13 g ( )( - )_O

V13 V13
Now, the equation above indicates the two lines E and F.
How then, do we know which one is for the line E or F?

Looking at the graph above, we can see that the line E has a positive slope, and the line
F has a negative slope.

3x+2y-2 =0

So the line E is Z2Y=L _3%42Y=2 _ 4 and the line F is 2
J13

V5 NE]
We will simplify the equations later.

+

[



e Next, let’s this time, work out this example by means of another distance formula.

The distance formula we are going to use is not for a distance between two points but for
a distance from a point to a line.

We often need to find a distance from a point to a line, so we have a formula for it.
We are going to however, find out first, how the formula gets constructed. That is in fact,
another purpose of this example.

The construction procedure is quite straightforward though, and is as follows,

e Suppose L is a line ax + by + ¢ = 0 where a, b, and c are constant, and D is the
distance from a point P(s, t) to the line L.

e Then first, get the line passing through the point P and perpendicular to the line L.
e Next, get the point where the line L meets the perpendicular line.

e Then, using the formula for a distance between two points, get the distance from P
to the point. Then, the distance is D, the very distance from the point P to the line L.

Suppose now, N is the line passing through P(s, t) and perpendicular to the line L.
Then first, let’s get the slope of the line L to get the slope of the line N.

ax+by+c=0=y=-%x—¢ = theslope of L is—{, so the slope of the line N is%.

Thus, the line Nisy—t =§(x—s), since the point P(s, t) is in the line N.

Next, let’s get the point where the line N meets the line L.

We havey—t=2(x-s),andy=-2x-£.

So getting the x-coordinate first, we gety —t = (=& x—{) -t = %(x -9)
=-2ax-L-t=2(x-s)=-a’x-ac—abt =b*(x-s)

2
= x(a?+b?) = sh? ~ac—abt = x = bzac=abt,
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Next, moving on to the y-coordinate, we get

_b b (sh?—ac—abt b sb®—ac—abt-sa’~sb® _ b , —sa’~ac—abt
y (X S):> y t=> ( aZ+h? S) a2+b? a a2+h?

2

_ —sab—bc—b’t _ —sab—bc—b’t — —sab—bc—b’t+ta*+th> _ —sab—bc+ta
T al+b? = Y= a’+h? tt= a’+h? a’+bh?

So the line L meets the line N at (S2sac=abt  ta’-bc-abs )

2 b2 a2+b2
Suppose now, Q(u, V) is the point where the line L meets the line N.

Then, we getu _Sb‘za—cbzabt and v _%.

Suppose next, d is the distance from the point P(s, t) to the point Q(u, V).
Then, we get d® = (u—s)® + (v—1t)>. So let’sget (u—s)and (v—t). Then,

U—S = sb’—ac—abt —5= sb?—ac—abt—sa’~sb?® _ —sa’—ac—abt _ —a(sa+c+bt)
a+b? a’+b? a’+b? a’+b?

v —t = fa’=bc-abs ¢ _ ta’-bc—abs—ta’~th® _ —th’-bc—abs _ —b(tb+C+as)
a’+b? a’+b’ a’+b’ a’+b?

a’(as+bt+c)® | b?(as+bt+c)® _ (a’+b?)(as+bt+c)’ _ (as+bt+c)?

Sowe getd? = (u—s)®+(v—t)* =

(a?+b%)? (a?+b?? (a?+b%)? T al+b?
Thus, we getd = £E*P0) - However, d is a distance, so we get d > 0.
g Va?+b? g

|as+ bt +c|

VvaZ +b?

So it is the formula for a distance from a point P(s, t) to a line ax + by + ¢ = 0.

Thus,d = ,which is D, the very distance from the point P(s, t) to the line L.

Now, with the formula above, let’s get back to the problem in this example.

What we are after in this problem is the point P(s, t), which is an equal distance away
from both of the line A, 2x —y — 1 = 0 and the line B, 3x + 2y - 2 = 0.

Then, by means of the formula above, we get this:

[2s—t-1] |25t

N N

The distance from the point P to the line A is
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[3s+2t-2| _ [3s+2t-2]

The distance from the point P to the line B is N N

|2s—t-1] _ [3s+2t-2| 25—t—1 3s+2t-2
_ =+ : 7
So we get % N A RN Why

That’s because what’s inside the absolute sign can be positive or negative.
Practically speaking though, that’s because we get two lines. What two lines?

2x-y=1 | 3X+2y-2 _ io 2X=y-1 3x+2y-2 —
5 T = 0,and the other is NG N 0.

They are the two lines we have found earlier.
Now, simplifying the two equations, we get

One line is

2x\—/%/—1+ 3"3%"2 =0=>/13(2x - y-1)++/5(3x+2y-2)=0

= (213 +35)x+ (245 -/13)y - (245 +/13) = 0.

ZX%-1_3X3%‘2 =0=/13(2x-y-1)-~/5(3x+2y—2)=0

= (2413 = 3/5)x = (25 +13) y + (245 = /13) = 0.

In short:

One of the two methods:

|as+bt-+c|
JaZib?
Suppose A is the line 2x —y -1 =0, and B is the line 3x + 2y -2 = 0.

The distance from a point P(s,t) toalineax + by +c=0s

[2s-t-1]  [2s-t-1

J22+(-1) 5

Then first, the distance d from the point P to the line A is

And next, the distance d from the point P to the line B is 25222 — Fs+22
V32422 J13

2s—t=1] _ [3s+2t-2 _ s t_1 _ , 3s42t-2
So we get = = =% .

N N N

The last expression above is the connective expression between coordinates of the point
P, and is from the fact that P is the same distance away from the two lines A and B.
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All the lines are in the x-y system, so replacing s and t with x and y, we get an equation
indicating two lines, where every point is an equal distance away from both of the lines

A and B, and thus, can be the point P.

. s 2X=y-1 | 3x4+2y-2 _ . 2x—y—1_3x+2y—2=
One of the two lines is NG + N =0, and the other is NG 73 0.

And simplifying the two equations, we get

Byl 202 0 13(2% - y-1) +VB(3x+2y-2) =0

= (2413 +3/5)x + (246 —/13) y - (24/5 ++/13) = 0.

ZX%-1_3XD%‘2 =0=/13(2x-y-1)—~/5(3x+2y—2)=0

= (2413 = 3/5)x = (25 +13) y + (245 = /13) = 0.

The other method:

Suppose first, Ais the line 2x —y -1 =0, and B is the line 3x + 2y — 2 = 0. Then,

2Xx-y-1=0=y=2x-1= theslope of the line A'is 2.
3x+2y—2:O:>y=—%x+1 = the slope of the line B is %

Suppose next, that

C is the line containing the point P(s, t) and perpendicular to the line A.
D is the line containing the point P and perpendicular to the line B.

Q is the point where the line A meets the line C.

R is the point where the line B meets the line D.

Then, the slope of the line C is -1, and the slope of the line D is % So,
the line C is y —t =—2(x —s)since the point P(s, t) is in the line C.
ThelineDisy—t =%(x—s)since the point P(s, t) is in the line D, too.
Thus, finding the point Q, we get

_1=_1 S 5y — s _ 2t4+s+2 _ 2t4s+2
2X—=1= 2x+t+2:2x_t+2+1_—2 = X =S58

= y= Ix —1= 2(2t+s+2) 1= At+2s+4-5 _ 4t+§s—1_ So the pOiI‘It Q is at (2t+53+2 ’ 4t+§s—1)_

5 5
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Next, finding the point R, we get

_3 _ 2 _2s 243 —_1_ 2s 13\, __ 25-3t+3 __ 45—-6t+6
2x+1_3x+t 3:>(3+2)x_1 t+S0 = 2 X =208 = 22

_ 45-6t+6 __3 _ _3 . 45-6t+6 _ —3(25-3t+3) _ —65+9t-9+413 __ —65+9t+4
X="F3 =YY= 2X+1_ 2 13 +1= 13 +1= 13 - 11

So the R is at (43 —6t+6 ‘651“3?”4 .

Suppose next, d; is the distance from P to Q, and d; is the one from P to R. Then,

H _ o _ 2t+s+2 __ 5s-2t—s—2 __ 4s5-2t-2 _ ¢+ _ At42s-1 __ 5t-4t—-2s+1 __ t-2s+1
first, Ax = s — 242 = 28=o=8=2 = 2222 and Ay =t £ = AAA = naetl,

2 —2t—2\2 — 2 —t=1\2 —t—1\2 2s—t-1)
So d, = (4 ét 2)2 4 (L 253+1) =4(255t 1) +(255t 1) — 55 )

13 13

Next, AX =S— 45—6t+6 _ 135—4s+6t—6 _ 98+6t 6 and Ay =t— —68+9t+4 13t+61$3—9t—4 — 65-243t—4 .

So d22 _(3(3s+2t 2)) (2(3s+2t 2)) _ 13(3sl+322t 22 _ (3s+123t—2)2.

(3s42t-2)2
13

between coordinates of the point P, and is from the fact that P is the same distance away
from the two lines A and B. So replacing s and t with x and y in the equation above, we
get an equation indicating two lines where every point can be the point P. And then,
factorizing the equation, we get

, Which is the connective equation

Then, since d;? = d,? we get 2= —

(2x-y-1) _ (3x+2y-2) — (2x—y-1)? (3x+2y 2?2 _ (Zx y-1 3x+2y 2)(2x y— 1_3x+2y—2)=o

5 - 13 5 J13 J13

So the equation indicates two lines, and every point in the lines is an equal distance
away from both the two lines A and B.

. s 2x=y-1 | 3x+2y-2 _ : 2x—y—1_3x+2y—2=
One of the two lines is % + N =0, and the other is % N 0.

And simplifying the two equations above, we get

oyl 202 0, 13(2% - y—1) +VB(3x+2y-2) =0

= (213 +35)x+ (246 -/13)y - (245 +/13) = 0.

2x\—/%/—1_3x4\'/%’—2 =0:>\/E(2)(— y—1)—\/§(3x+2y—2)=0

= (2413 -35)x = (2/5 +/13) y + (24/5 —/13) = 0.
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Let’s now, construct another formula.

Finding an area of a triangle, we usually use the simple formula saying that the area is
half the product of the base and the height of the triangle.

Sometimes though, we get to face trouble finding the height. However, we have several
other formulas for an area of a triangle with no specification of its height.

The one we are about to construct is quite useful when we work with a triangle with no
specification of its height, but it is defined by three points in the x-y plane.

So suppose for instance, P1(X1, Y1), P2(X2, y2), and P3(Xs, y3) are in the x-y plane as below.

Fig. 3 yA
Pa(x2, y2)
P1(X1, Y1) <
~_ g
0 N X
P3(X3, Y3)

When constructing the formula though, we still need to consult the idea that the area of a
triangle is half the product of the base and the height, that is, < (base - height).

Suppose now, that in the graph above, the line segment P, P, is the base.

Then, the perpendicular distance from the point P3 to the base is the height.
What perpendicular distance though?

Such a perpendicular distance is the length of a line segment that connects the point P3
and a point in the line segment P, P,, and is perpendicular to the segment P, P,.

Let’s now, begin with the line passing through the two points P, and P».

First, since the line has Py, and the slope is2=  the line is y — y;, = 2= (x — X, ).

X=Xy
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Next, putting the equation above in the general form, we get

(Y = Y1) (X2 = X1) = (Y2 = Y1) (X = X1) = Y(X2 = X1) = Y1(X2 = X1) = X(Y2 = Y1) = X1(y2 — Y1)
= V(X2 — X1) — Y1X2 + Y1X1 = X(Y2 — Y1) — X1Y2 + X1y1

= (Y2 — Y1)X — (X2 = X1)y + YaXz — X1y2 = 0.

Now, we can readily find the distance from the point P to the line above by the distance
formula between a point and a line. Then, the distance will be the height of the triangle.

|as+bt+c

Jai+b?

The distance from a point P(s, t) to a lineax + by + c =0 is

|(Y2 = Y1)X3 = (X, = X;) Y3 + X2y1—le2|
\/(Y2 - y1)2 +(X, - X1)2

So the height is

Next, the base is the length of P,P, , which is \/( Yo = ¥1)7 4 (X, — X )2
And we know that the area of a triangle is %(base-height).

So the area of the triangle P1PoPsis 2{(y, — Y1) Xg — (X, = X;) Y5 + X, Y3 — X, ¥, |.

Making look a bit nicer what’s inside the absolute sign, we get

(Y2 = Y1)X3 — (X2 — X1)Ys + XoY1 — X1Y2 = YaX3 — Y1X3 + (X1 — X2)Y3 + XaY1 — X1Y2

= (X1 = X2)ys + (X2 — X3)y1 + (X3 — X1)Y2.

Thus, the area of the triangle P1P2Ps is 1{(X; = X,) Y5 + (X, — X3) Yy + (X5 = X;) Y, |.



