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Examples 2

0. Assuming a and c are constant, a parabola %= ax? — 2x+ % includes a point (%% ,

and a line y = x — 1 includes the vertex, find a and c.

1. Assuming b and c are constant, a parabola y = 6x* + bx + ¢ includes a point (2, 2),
and a line y = x — 1 includes the vertex, find b and c.

2. Assuming a, b and ¢ are constant, a parabola y = ax? + bx + ¢ has two points (1, 1)
and (2, 3), and the vertex isinaliney =2x -1, find a, b, and c.

3. Assuming a, b and c are constant, and a parabola y = ax® + bx + ¢ is passing through
two points (1, 1) and (2, 4), and has the vertex inaliney =2x -1, find a, b, and c.



Suggestions or Solutions
To the Problem in the Example 0

Assuming a and c are constant, a parabola Y =ax?-2x +% includes a point (2 , 2 :

and a liney = x — 1 includes the vertex, find a and c.

Putting first, the point (— ——) into the parabola 3 Y —ax®—2x +35, we get

%(—%)=a(7) —2'%4'5:)—2:1—14'5:)—1=a—4+2C:>a+2C=3.

Next, finding the vertex, we get
t=ax®-2x+S= y=2ax*—4x+c=2a(x* -2 x)+c=2a{x’ -2 x+ (1)’ - (1)’ }+c
= 2a(x—i)2 —2a(})’ +c=2a(x-1)’ -2 +c=2a(x—-1)" - 2=

= y—2=2=23(x-1)>. Sothe vertex is (£, 2=2),

So next, putting the vertex in the liney = x — 1, we get
- 2 _1 -2 _1_ 3_ -
y=x-lo &=l &= %2="1lac-3=-

:>ac+a=3:>a(c+l)=3:>a=cf . And we have this, too: a + 2c = 3.

'—‘|

So now, finding c first, we get

a+20——+20 3=3+2c(c+1)=3(c+1)=>3+2c’°+2c=3c+3

=2c2-c=0=c(2c-1)=0=>c=0o0r % And next, finding a, we get

c=0=a+2c=a+0=3=a=3,and c=%:>a+20=a+1=3:>a=2.

If not quite sure of the idea behind the processes above, follow the steps below.

Since we have two unknowns a and c, we need to get two equations.
First, the parabola ¥ = ax’? - 2x+%< passes through the point(3,-3),s0 we get
1-YH=ald)y-2i+<=>-1=2-1+L= -1=a-4+2c=a+2c=3,which is one

of the two equations.
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And assuming A is the parabola% =ax?—2x +%,we can put A the way below, too.
y = 2ax? — 4x + C.
So putting the point (%,—%) into y = 2ax® — 4x + ¢, we get this, too: a + 2¢ = 3.

What then about the other equation?

We know that the line given passes through the vertex, so getting the vertex and putting
it into the line, we get the other equation. How then do we get the vertex?

The axis of symmetry has the vertex, and if a parabola is y = ax® + bx + c, the axis of

- - _ b
symmetry is a line X = —2-. S0?

So the x-coordinate of the vertex is %
And putting the x-coordinate % into y = ax? + bx + ¢, we get the y-coordinate, which

ie _ b’—dac — a2 ic (__b __b’-4ac )
is—2778¢. So the vertex of a parabolay = ax” + bx + cis (— L, —27%). How?

Putting y = ax® + bx + ¢ in the vertex form, we get y = a(x +2—‘; 2 —%, which shows

the vertex. And the conversion goes the way as follows.
— ay2 —a(x24b —afy2.b b \2 _ (b2
y=ax‘+bx+c=a(x +2x)+c=a{x +2x+(5) (%) }+c
— b2 _5(by2 — b2 _ 0~ b y2 _ b’-dac
= y=a(X+5) —a(35) +e=a(x+% mre=a(x+-2 o

b?-4ac _ b \2
=S y+2E=a(x+%)"

So putting the parabola y = 2ax® — 4x + ¢ in the vertex form, we can get the vertex.

2 2 2 2 2
y=2ax"—4x+c=2a(x"—£x)+c=2a{x"—£x+ (1) - (1) }+c
2 2 2 2 —
=2a(x-1)*-2a(l) +c=2a(x-1)°-2+c=2a(x-1)" -

a

= y=2a(x—-1)" + 22,

So the vertex we want is (1, 22),



So next, putting the vertex above into the line y = x — 1, we get the other equation, and
we can get it the way below.

— v ac—2 _ 1 __ ac—2 1 _ ac—3 _ _ -
y=x-los &=l &2 t=-15%2=-]ac-3=-a

= ac+a=3= a(c+1)=3= a=_%, which is the other equation.

So we now get to solve a system of two equations, a + 2c = 3, anda = %

Thus next, solving the system above, and finding c first, we get
a+2c=c—il+2c=3:>3+20(c+1)=3(c+1):>3+202+20=3c+3
=2c’-c=0=c(2c-1)=0=>c=0o0r % So next, finding a, we get

c=0=2a+2c=a+0=3=a=3,and c=%:a+20=a+1=3:>a=2.

So we can see that two parabolas can be the solution.

One is 2 =3x” —2x,and the other is ¥ =2x* —2x+1,

And we can put them this way, too, of course y = 6x* — 4x, and y = 4x? — 4x +%.

And let’s now put the two parabolas and the line in one graph.

Putting first, the two parabolas in the vertex form, we can see the vertex, so we can
easily put the parabolas in the graph.  So converting the first one, we get

2 2 2 2
y=6x"—4x=6(X"—2x+5-3)=6(x—-3)" —%= y=6(x—-1)"-%.

H 1 2
So the vertex is (3,-%).

And next, converting the second, we get y = 4x* —4x +%= 4(x% = x) +%

2 2 2 2
=4(X* = X+3—D+3=4(X=3) —1+3=4(x-3) —3=> y=4(x—3) - 3.

H 1 1
So the vertex is (5,-3).

And now, we can put the two parabolas and the line in one graph the way below.
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Suggestions or Solutions
To the Problem in the Example 1

Assuming b and ¢ are constant, a parabola y = 6x* + bx + ¢ includes a point (2, 2),
and a line y = x — 1 includes the vertex, find b and c.

First, assuming (p, q) is the vertex, we can gety = 6x* + bx + ¢ = y — q = 6(x — p)°.

So next, we can get (2, 2) =2 -q=6(2 - p)>.

And also, the vertex (p, q) is in the liney =x -1, too, sowe getq=p - 1.
Then, we getq=p—-1=2-q=3-p, and 6(2 - p)> = 6(4 — 4p + p’) = 24 — 24p + 6p°.

So first, 3—p =24 -24p +6p° = 6p° - 23p + 21 = (2p-3)(3p-7)=0=>p=2 or L.

1=

wl~N
wls

Sonext,we getp=32=q=p-1=

N oo

—1=2,andp=f=>q=p-1=

Thus first, y =1 =6(x —2)* = 6(x* —3x +2) =6x* —18x + &L

= y=6x"-18x+2 +1=6x"-18x+14=>b=-18 and c=14.

Next, y—4=6(x—1)" =6(x* — L x + £) =6x* - 28x + L

= y=6x"—-28x+L+4=6x>-28x+34=>b=-28 and c =34,
If not quite sure of the idea behind the processes above, follow the steps below.

Assuming first, D is the parabola y = 6x* + bx + ¢, we can put D in the vertex form the
way as follows: y =a(x—p)?+q. Then, (p, q) is the vertex, and we get a = 6.
Why do we put it that way though?

That’s because not only D but the line given is passing through the vertex, so we can get
a system of two equations for m and n. And solving the system, and simplifying the
equation in the vertex form, we can get the values of b and c.
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So to begin with, putting D in the vertex form, we get y = 6(x — p)* + q.
And we can put it this way, too: y — g = 6(X — p)>.

So next, putting the point (2, 2) into D, we get 2 — g = 6(2 — p)?, which is now, one of the
two equations for m and n.

And the equation is quadratic. So we can expect two parabolas that can be D. We’ll see
it shortly.

Next, the vertex (p, q) is in the line y = x — 1, too, so we get g = p — 1, which is the other
of the two equations.

So we are now all set to go and get the vertex, then the equation of the parabola D.
First, wecangetq=p-1=-q=1-p=>2-9=3-p.
So next, we canget2—q=6(2-p)’=3-p=6(2-p)>

And we can put it the way below, too, of course.
2-0=6Q2-p’=>2-(p-1)=62-p)’*=3-p=6(2-p)°

So anyway, we can get
3-p=6(2-p)°=6(4—4p+p’)=24-24p+6p°=3—p=24-24p+6p’

=6p°-23p+21=0=(2p-3)3p-7)=0= p=2or L.

Sonext,wegetp=3=q=p-1=

N |w

-1=3,andp=

W~

wl~
|

-
I

W

So two parabolas can be the parabola D, and the two are as follows.

y—1=6(x-2)*, andy—24=6(x-1)*.



Next, y —4=6(x—2)" =6(x* - x+42) =6x* —28x + £

= y=6x"-28x+L+4=6x>-28x+34=>b=-28 and c =34,

Fig. 0
7
_ 3y2
y-3=6(x=3)" ____
f~~»
y=2
V=3, .
y=1_
y=% \\‘ 4
"4
-2 -1 0
Pl
y=-1"
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Suggestions or Solutions
To the Problem in the Example 2

Assuming a, b and c are constant, a parabola y = ax® + bx + ¢ has two points (1, 1)
and (2, 3), and the vertex isinaliney =2x -1, find a, b, and c.

The vertex of a parabola y = ax® + bx + ¢ is 2a , bz;gac :
So first, since the vertex is in the line y = 2x — 1, we get —b4ac T = 2(— )—1.
Next, the two points (1, 1) and (2, 3) are in the parabola, so we get

(1,1)=>1=a+b+c,andalso, (2,3) =>3=4a+2b+c.

To begin with, - 25426 = 2(—-2)—1=—2_1=_Dbta — h?_4ac=4(a+bh).

Next,a+b+c=1=>a+b=1-c, and thus, we get b? — 4ac = 4(1 —c).

Next, 4a + 2b+c =3 = c(4a +2b+c) = 3c = 4ac + 2bc + ¢* = 3¢

— 4ac = 3¢ - 2bc — ¢%

Thus, b? — 4ac = b? — (3c — 2bc — ¢?) = b? — 3¢ + 2bc + ¢ = 4(1 - ¢) = 4 — 4c.
Sob*-3c+2bc+c?=4—4c=>b?+2bc+c?+c-4=0=(b+c)’+c—-4=0.
Next, we have 4a+2b+c=3anda+b+c=1.
Sowegetd(a+b+c)—-(4a+2b+c)=4-3=2b+3c=1.

Meanwhile, 2b +3c=1=2(b+c)+c=1=2(b+c)=1-c= b+c=5°
Soweget(b+c)i+c-4=0= @+c—4=0:>(1—c)2+4c—16=0.
Thus,1-2c+c?+4c-16=0=>c*+2c-15=0=(c +5)(c-3)=0=>c=-50r 3.
Sofirst,c=-5,a+b+c=1=>a+b=6,andda+2b+c=3=>2a+b=4.

Then,2a+b-(a+b)=4-6=-2=2a=-2=a+b=-2+b=6=b=8.

Andnext,c=3,a+b+c=1=a+b=-2,and4a+2b+c=3=2a+b=0.
Then,2a+b-(a+b)=0-(-2)=2=>a=2=a+h=2+b=-2=Db=-4.

Thus, we get two cases.
Oneisa=-2,b=8, and c =-5. And the otherisa=2,b=-4,and c = 3.
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If not quite sure of the idea behind the processes above, follow the steps below.

First, the vertex of the parabolay = ax® + bx + c is (-2 ,— ‘4a°) and we can quickly

2a’
get it putting the parabola in the vertex form.

And the vertex is in the line y = 2x — 1, too, so we get — ‘43‘3 2(— )—1.

Next, the two points (1, 1) and (2, 3) are in the parabola y = ax* + bx + ¢, so we get
(1,1)=>1=a1?+bl+c=a+b+c andalso, (2,3) =3=4a+2b+c.

So we now have a system of three equations.
One is— ‘4a° =2(— )—1. Anotheris 1 =a+ b + c. And the other is 3 =4a + 2b + c.
So we’ve got to do some algebra. Let’s now, get rid of a first.

Beginning with the first equation, we can put it the way below.

—bdac _p(—by_1=-b_1=_Dbta— K?_4ac=4(a+b),which is not exactly though,

the same as the original equation. So keep in mind that a cannot be 0, because it is
originally in the denominator 4a, and in 2a, too, and a denominator cannot be 0.

Next, movingontoa+b+c =1, we can see a + b, which is in the first equation above.
And we can put it this way: a + b = 1 — c. Then, we can get this: b” — 4ac = 4(1 —c).

Next, looking at 4a + 2b + ¢ = 3, we can notice that we can make 4ac, which belongs to
the equation above.
So making it, we get c(4a + 2b + ¢) = 3¢ = 4ac + 2bc + ¢? = 3¢ = 4ac = 3¢ — 2bc — ¢,

Then, we get b? — 4ac = b? — (3c — 2bc — ¢) = b? — 3¢ + 2bc + ¢
And we can get this: 4(1-c) =4 - 4c.

Sowegeth?—4ac=4(1-c)=>b?’-3c+2bc+c?=4—4c=>b?+2bc+c?+c—4=0
= (b+c)>+c-4=0. Sofinally, wecanseenoa. So it’s gone for now.

And we can quickly get another equation for b and ¢ only.
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We haveda+2b+c=3anda+b+c=1.
Sowecanget4(a+b+c)—-(4a+2b+c)=4-3=2b+3c=1

So we now have (b +c)®+c—-4=0,and 2b + 3c = 1.

Then again, looking at closely the second equation above, we can see that it has b + c,
which is in this: (b + c)*+c—4=0. So it looks like this time, b wants to go away.

So now, beginning with the second equation, we can get:
2b+3c=1=2(b+c)+c=1=2(b+c)=1-c=b+c=LE

And next, putting in into the first equation, we can get

(b+cy’+c-4=0=> @+c—4=0:> (1—c)? +4c —16 = 0, which is now free of b,
and is a simple quadratic equation for c only. So solving it, we get

1-2c+c?+4c-16=0=>c’+2c-15=0=(c+5)(c-3)=0=c=-50r3.

So next, we want to get a and b. Getting them, we want to use c, of course.
So let’s begin with the case where ¢ = -5.

First, we havea+b+c=1,sowegeta+b=6.
Next, we have 4a + 2b +c=3,sowe get2a+ b =4.

And next, subtracting the second from the first, we get
(2a+b)-(a+th)=4-6=-2>a=-2=a+b=-2+b=6=>b=8.

Let’s next, move on to the case where ¢ = -5.

Sincea+b+c=1,wegeta+b=-2,andsinceda+2b+c=3,weget2a+b=0.
So we now have a+ b =-2,and 2a + b = 0.
Thus,weget(2a+b)-(a+bh)=0-(-2)=2=>a=2=a+b=2+b=-2=b=-4

Therefore, we get to have two parabolas.

One isy = -2x* + 8x — 5, and the others is y = 2x* — 4x + 3.

11
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And we can do this problem the way we did the problem in the example 1, too.
That is, we can do it beginning with putting y = ax® + bx + ¢ in the vertex form

So putting it in the vertex form, we gety = a(x — m)? + n. Then (m, n) is the vertex.
So next, putting the point (1, 1) into the equation above, we get 1 = a(1 — m)? + n.
Next, the vertex (m, n) is in the line y = 2x — 1, too, so we can get this: n =2m - 1.
Next, the other point (2, 3) is in the parabola, too, so we get 3 = a(2 - m)? + n.

So we are now all set to go and get the vertex and a, then the parabola.
First, we have n = 2m -1, so we get

l1-n=za(l-m¥=1-2m-1)=a(l-m)’=2-2m=a(l-m)*....... (1)
3-n=zal-mP¥=3-(2m-1)=a-m)’=4-2m=a-m)*....... (2)

Next, subtracting the first equation from the second, we get
(4-2m)-(2-2m)=a(l-m)*-a(2-m)

So next, using the factorization identity, A% — B? = (A + B)(A — B), we get
2=a2-m+1-m)(2-m-1+m)=aB3-2m)=2=a(3-2m) ....... (3)

Next, dividing the equation (1) by the equation (3) above, we get

_ _ 2 _ 2
2 2m=a(1 m) :>1—m=(1 m)
2 a(3-2m) 3-2m

= (1-m)(3-2m) = (1 - m)? so we get

3-2m-3m+2m’=1-2m+m’=>m?’-3m+2=(M-1)(m-2)=0=>m=1or 2.
Andifm=1or2, weget3-2m=0.Sowegetm=1or?2.
Next, finding a and n, we get

First, wegetm=1=>n=2m-1=2-1=1,andalso,2=a(3-2m)=a-l1=>a=2.

Next,wegetm=2=>n=2m-1=4-1=3,and also, 2 =a(3-2m) =a-(-1) =>a=-2.
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Therefore, we get to have two parabolas as follows.
y=2(x-1)%+1,andy = -2(x — 2)* + 3.

Next, putting the two above in the non-vertex form, we get
y-1=2(x-1)%=2(x*-2x+1)=>y=2x*-4x+3=a=2,b=-4,and c = 3.

y-3=-2(x-2)?=-2(x*-4x+4)=>y=-2x*+8x-5=a=-2,b=8,and c = -5.

Let’s now, put in a graph the parabolas and the line.

y=-2X2+8x-5=-2x*—4x) -5=-2(*—4x +4-4) - 5=-2(x—2)* + 3
=y-3=-2(x-2)>2

y=2xX —4x+3=2(x*-2x) +3=2(x-1)*+1=>y-1=2(x - 1)2

Fig. 0 y

<
1
N
w
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Suggestions or Solutions
To the Problem in the Example 3

Assuming that a, b and ¢ are constant, and that a parabola y = ax® + bx + ¢ passes
through (1, 1) and (2, 4), and has the vertex in aliney =2x -1, find a, b, and c.

This example is no other than the previous example. The only difference is the y-
coordinate at one of the two points given. This example has (2, 4) instead of (2, 3).

The purpose of this example is how the solution changes with that difference, and you
can do some more practice on algebra about a system of equations.

So to begin with, getting the vertex of y = ax? + bx + ¢, we get (—%,—bzz—;‘ac :

So next, since the vertex is in the line y = 2x — 1, too, we can get an equation as below.

b’—4ac _ b
_bldac _p(_b)_1,

Next, the two points (1, 1) and (2, 4) are in the parabola, so we get:
(1,1)=1=a+b+c,andalso, (2,4) =>4=4a+2b+c.

So we need to solve the system of the three equations, which are as follows.

_bbae _p_by_ 1. (1) l=a+tb+c....(2) 4=4a+2b+c...(3)

And beginning with the equation (1), we can get

—bda _p(-by_1=-b_1=_Dba 2 _gac=4(a+b).... (4)

Next, moving on to the equation (2), we cangeta+b+c=1=a+b=1-c, and thus,
putting it into the equation (4) above, we get b> - 4ac = 4(1 —c) ....... (5)

Next, looking at the equation (3), we can make 4ac out of it. So next, we can get

4a+2b+c=4=c(4a+2b+c)=4ac+ 2bc + c? = 4c = 4ac = 4c — 2bc — ¢2
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Thus, we get b? — 4ac = b® — 4c + 2bc + c®. And we can have 4(1 —c) = 4 — 4c.

So getting back to the equation (5) above, we can get
b’-4ac=4(1-c)=>b’-4c+2bc+c?=4-4c=>b*+2bc+c?-4=0= (b +c)*=4.

Thus, we getb + c=2or -2.
So next, using the result above, we can find a, since we havea +b +c = 1.
So finding a, we get

b+c=2=a+b+c=a+2=1=a=-1.
b+c=-2=a+b+c=a-2=1=>a=3.

So we now have two cases.
Oneisa=-1,and b + ¢ =2. And the otherisa=3,and b + ¢ = -2.

Next, in each case, using 4a + 2b + ¢ = 4, we can get b and c.

So beginning with the case where a = -1, and b + ¢ = 2, we get this first:
a=-1>4a+2b+c=-4+2b+c=4=2b+c=8.

And next, we haveb +c=2.Soweget2b+c=b+b+c=b+2=8=b=6.
Andsinceb=6,wecangetb+c=2=>6+c=2=c=-4

So we now have a = -1, b = 6, and ¢ = -4, which means the parabola is y = -x* + 6x — 4.

Let’s next, move on to the case wherea=3,and b + ¢ = -2.

Then first, sincea=3,and4a+2b+c=4,wecanget2b+c=4-4a=4-12=-8.
That is, we get 2b + ¢ = -8.

Next, sinceb+c=-2,and2b+c=-8, weget2b+c=b+b+c=b-2=-8=b=-6.
So next, getting backtob +c=-2,weget-6 +c=-2=c=4.

So we now have a = 3, b = -6, and ¢ = 4, which means the parabola is y = 3x* - 6x + 4.

Therefore, we get to have two parabolas as follows.
y=-x*+6x—4,andy = 3x*-6x + 4.
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y—1=2(x-172 "




