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Examples 2 in Circles

Examples 2 in Circles

Doing algebra, we often get to solve equations that are in connection with circles.

Many are in fact, equations for circles whereas others are not, that is, they do not
indicate any circle. And many look quite simple, but they only look simple.

Solve for x and y in each equation below.

1. ax*+ay*= 0 where a is a constant.
2. ax*+ay*=awhere a is a constant.
3. ax*+ay’=a’ where a is a constant.
4. ax*+ay*=a’where a is constant.

5. x*+(y - c)* = 0 where c is constant.
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6. X +U=2 =0 where c and d are constants.

7. (x-a)*+ (y—b)* =0 where a and b are constant.

8. w(x — u)® +w(y — v)* = 0 where u, v, and w are constant.
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Suggestions or Solutions
To the Problem in the Example 0

Solve for x and y the equation as follows: x> +y* = 0.

To begin with, neither of x* and y* can be negative.

Next, if x = 0, we get xX* > 0, and if y = 0, we get y* > 0.
So anyway, if x = 0, we get x> # 0, and also, if y = 0, we get y* = 0.

So if either of x and y is not 0, we get x* + y* = 0.

Next, if x =0, we get x* =0, and if y = 0, we get y* = 0.
That is, if x=0, and y = 0, we get x> =0, and y* = 0.
Soifx=0,andy=0, we get x> +y*=0.

And we know if either of x and y is not 0, we get x* + y* = 0.
Soonly if x=0, and y = 0, we get x> +y* = 0.

In other words, if x> +y* =0, we get x=0, and y = 0.

Thus, the solution isx =0, and y = 0.

And in this case, we say that if and only if x =0, and y = 0, we get x> + y* = 0, and also,
we say that if and only if x* +y* =0, we get x=0, and y = 0.

And in math, symbolically, we put it this way: (x =0, and y = 0) < x> + y* = 0.
Also, we can put it this way, too: x> +y*=0 < (x =0, and y = 0).

And it is not rare to see similar cases when we do algebra.
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For instance, we can have a situation where (x — 2)* + (y* + 3y — 4)* = 0.
Then, we need to have x —2 =0, and y* + 3y — 4 = 0.
Sowegetx=2,andalso, gety+3y—-4=(y-1)(y+4)=0=>y=1o0r-4.

Thus, we getx=2,andy =1 or -4, whichmeans x=2andy=1,orx=2andy =-4.

In sum, we have A2+ B2=0< A=0and B=0. In other words, we have

A’+B*=0=A=0andB=0,andalso, (A=0and B=0)= A?+B*=0.

And more generally, A2+ B?*+C*+...=0=A=0,B=0,C=0, ...

If m and n are positive even numbers, we get A" + B"=0 < A=0and B =0.

And if p, g, and r are positive and even, we get

AP+BiI+C'+...=0=A=0,B=0,C=0, ...



Suggestions or Solutions
To the Problem in the Example 1

Solve for X and y the equation as follows: ax’ + ay* = 0 where a is a constant.

We can put it this way: ax® + ay? = 0 = a(x* + y*) = 0.

So to begin with, if a =0, then x and y both can take any real number.

Next, if a = 0, we get a(x* + y*) = 0 = x* + y* = 0, which means x and y both are 0.
Therefore, the solution is as follows.

If a=0, x and y are any real numbers.

Ifaz0,wegetx=y=0.

(Note that the material below is for advanced students.)

Now, what if ax* + by* = 0, where a and b are constant?

To begin with, if a= 0, and b = 0, then x and y both can take any real number.
Next, if a=0, and b # 0, then x can take any real number, buty = 0.
Next, if a= 0, and b =0, then x = 0, but y can take any real number.

Next, if a= 0, and b # 0, then x and y both are 0. Are they 0 only? Are they?

It’s not quite the case, because we can have a case where £ =-1.

In other words, we can have a situation where a + b =0, and both a and b are not 0.
Then, we can geta =-b. So what?

Sowe getax’* +by*=ax’* —ay’=a(x*-y}) = 0= x*—y*=0since a = 0.
Thus, we get x> —y? =0 => (X +y)(X = y) =0 = y = X Or y = -X.
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What then, do we mean by this: y =x or y = -x?

Both are lines, that is, each of the two equations indicates a line in the x-y plane.
So what?

The two lines y = x and y = -x both pass through the origin.

And we have a fact that each point in a line has a pair of coordinates.
One is the x-coordinate, and the other is the y-coordinate.

So we can say this:

e At each point in the line, y = x, the x-coordinate is the value of x, and the y-coordinate
is the value of y, and they satisfy the equation, y = x, and thus, satisfy ax* + by? = 0.

And the same is true for the line y = -X, too. So we can say this:

e At each point in the line, y = -x, the x-coordinate is the value of x, and the y-coordinate
is the value of y, and they satisfy the equation, y = -x, and thus, satisfy ax® + by* = 0.

So the coordinates of each of all the points in the two linesy = x and y = -x are
respectively the values of x and y in ax* + by? = 0. Therefore, the solution is as follows.

e Ifa=0, and b =0, then x and y both can take any real number.
e Ifa=0, and b # 0, then x can take any real number, buty = 0.
e Ifa=0,and b =0, then x =0, but y can take any real number.
e Andifa=0,and b # 0, then

Ifa+b=#0,then x and y both are 0.

If a + b =0, then the coordinates of each of all the points in two linesy = x and y = -x
are respectively the values of x and y in ax* + by* = 0.



So more specifically, ifa= 0, b= 0, and a + b =0, the values of x and y are as follows.

i(-2,-2), ... (-0.3,-0.3), ... (0, 0), (0.1, 0.1), ... (3, 1), ... (1, 1), ... (3, 3), ...

*\3o3)

a(2,2), ... (-0.3,0.3), ... (-0.1,0.1), ... (-1, D), ... (1, -D), ... 3, -3), ...

That is to say that

wXx==2andy=-2. ... x=-03andy=-03. ... x=0andy=0.
.Xx=0landy=0.1. .. x=1andy=1. ... x=landy=1.
.X==2andy=2. ... x=-03andy=0.3. ... x=-0.1andy=0.1.

X=-tandy=1. ... x=landy=-1. ... x=3andy=-3.
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Suggestions or Solutions
To the Problem in the Example 2

Solve for X and y the equation as follows: ax’ + ay* = a where a is a constant.

We can put it this way: ax> + ay’ =a = a(x* +y*) =a.
So to begin with, if a =0, then x and y both can take any real numbers.
Next, ifa=0, we geta(xX* +y)=a=>x>+y* =1,

Then, what do we mean by this: x* + y* =1?

It is a circle, and is the circle of radius 1 centered at the origin.
That is, the equation indicates a unit circle centered at the origin in the x-y plane.

Fig. 0
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So what?

Just about the same story as in the example 1 above
Each point in a circle has a pair of coordinates.
One is the x-coordinate, and the other is the y-coordinate.

7



So at each and every point in the circle, x* + y* = 1, the x-coordinate is the value of x in
ax® + ay* = a, and the y-coordinate is the value of y in ax* + ay* = a.

Thus, the coordinates of each of all the points in the circle, x* + y? = 1, are respectively
the values of x and y in the equation ax* + ay*=a. For instance,

If we choose 1 for x, thenwe get x> +y*=1=>1+y*=1
So we have to choose 0 fory.

if 1 1 2 2 _
Next, if - or —2 ischosen for x, we get(%) +y =1
So next, we want to get the solution to the equation, (%)2 +y? =1,that is, the value of y.
2, .2 2 _ _3 _ A3
Then,weget () +y =1=y =1-L{=3=y=1+2.

Sowegetx=+7= y=iﬁ.

I%

Thus, one solution isx =1 and y = i And another isx =-1 and y = 2 .

Suppose this time, that we choose % for x.
Then, we want to get the solution to the equation, (ﬁ)2 +y? =1, that is, the value of y.

Then, we get (”—) +y _1:>(J—) +tyl=1=2+y =1y =1oy= +(.
Meanwhile, we have 1 =2. Sowe gety = +\/7 +[ iiz_

Thus, y has to be +f ,too.

~[S)

So another solution is x = @ andy = @ And another is x = % ndy=-

Therefore, the entire solution is as follows.
If a=0, then x and y both can take any real numbers.
If a = 0, then the coordinates of each of all the points in the circle, x> + y* =1, are

respectively the values of x and y in the equation ax* + ay*=a. And note that in this
case, we have [x| <1,and Jy| <1, thatis,-1<x<1,and-1<y<1.



Examples 2 in Circles 9

Suggestions or Solutions
To the Problem in the Example 3

Solve for x and y the equation as follows: ax’ + ay* = a’ where a is a constant.
We can put it this way, too: ax* + ay* =a? = a(x* + y?) = a’.
So to begin with, if a =0, then x and y can be any real numbers.

And next, ifa>0, we geta(x* +y*) =a*=>x*+y*=a. Sowhat?

The equation represents a circle centered at the origin with the radius of Ja.

Therefore, in ax® + ay* = a2, the values of x and y are respectively the coordinate values
at each of all the points in the circle. That is, the x-coordinate at every point in the circle
is the value of x in ax® + ay* = a%, and the y-coordinate is the value of y.

And note that in this case, we have

|x|s\/5, and |y|s\/5,that is, -va < x<+/a, and -/a < y<+/a.

Fig. 0

><

<V

That’s not it though, because we have another case where a < 0.



10

If a< 0, we get x* +y*=a <0, which however, is not possible, and thus, we have no
numbers for x andy. Why not?

That’s because x> + y* cannot be < 0, since any real number squared is > 0.

Therefore, the solution to ax* + ay* = a is as follows.

First, if a= 0, then x and y can be any real numbers.

Next, if a > 0, then x is the x-coordinate, and y is the y-coordinate of each of all the
points in the circle x* + y* = a.

And next, if a <0, there are no values for x and y.



Examples 2 in Circles 11

Suggestions or Solutions
To the Problem in the Example 4

Solve for x and y the equation as follows: ax’ + ay* = a’ where a is a constant.
We can have ax* + ay* =a’ = a( +y) =a’.

So first, if a =0, then x and y can take any real numbers.

Next, ifa= 0, we geta(* +y) =a’ = x> +y* =a’

We know x* + y* = a* is an equation of a circle of radius a centered at the origin.

So the coordinate values of each of all the points in the circle above can be respectively
the values of x and y. And in this case, note that we have

IX| < a], and |y] £ |a|, that is, -|]a] < x < |a], and -|a| <y < [a.

Why not just a but |a|, though?

In the problem definition, a is said to be just a constant.
That is, it is not the case where a has to be positive or 0 only.

Fig. 0
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So what if a is negative?

Even if a is negative, the equation of the circle above still holds since a* > 0, and thus,
there is no problem with it.

Therefore, the solution to ax* + ay* = a’ is as follows.

First, if a =0, then x and y can be any real numbers.

Next, if a # 0, the value of x is the x-coordinate, and the value of y is the y-coordinate of
each of all the points in the circle x* + y* = a’.



Examples 2 in Circles

Suggestions or Solutions
To the Problem in the Example 5

Solve for x and y the equation as follows: x> + (y — ¢)* = 0 where C is constant.

To begin with, if x* + (y — ¢)* = 0, both x* and (y — c)? have to be 0 at the same time.

Therefore, we getx=0,andy-c=0=y=c.

Since there is no circle of radius 0, the equation does not indicate any circle at all.

What if x* + a(y — ¢)* = 0 where a and c are constant?

Then, x* and a(y — )’ both have to be 0 at the same time.
Thus, we need to take care of a case where a =0, and another case where a # 0.

Then, we get

First, ifa= 0, weget x’=0=>x=0,and (y-c)’=0=>y-c=0=>y=c.

Sowegetx=0andy=c.

And next, if a=0, we get x> =0 = x =0, and (y - ¢) can be any real number.

So x can be 0 only, but y can be any real number. Why can y be any real number?

If (y - ¢)? can be any real number, then y — ¢ can be any real number, too.
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By the same token, if y — ¢ can be any real number, then y can be any real number, also.

What about ¢, though?

It is just a constant, so no matter what value ¢ may get, it is fixed, and thus, y can get any
value since y — ¢ can be any real number. Therefore, the solution to x* + a(y — ¢)> =0 is

Ifaz0,wegetx=0andy=c.

If a=0, then x can be 0 only, but y can be any real number.
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Suggestions or Solutions
To the Problem in the Example 6

Solve for X and y the equation XT2+(y;—c)2 =0 where C and d are constants.

First of all, there is no division by 0.
So we need to have d = 0 since d is the denominator in the equation given.

Next, multiplying by d both sides of the equation, we get x* + (y — c)* = 0.
Sowegetx*+(y—-c)’=0=x=0,andy—-c=0, that is, y = c.

Therefore, the solution isx =0, andy = c.

What if we have X"+ 0=9" — ¢ 7
Then, multiplying by d both sides of the equation, we get x> + (y — ¢)? = d?, which is an
equation of a circle, and the circle has a radius of d, and is centered at (0, c).

So if d > 0, the value of X is the x-coordinate, and that of y is the y-coordinate of each of
all the points in the circle above. In this case, too, however, we may want to note that

IX| <|d|,and |y —c| <|d|, thatis,-d < x<d,and-d<y-c<d.
In other words, -d < x<d,andc-d<y<c+d.

Fig. 0 =c+d
A LY
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What if d < 0?

Even if d is negative, we still get a circle, which is the same as the one above.
That’s because the negative sign gets canceled out.

Suppose for instance, d = -2.
Then, we get X+ 0= — g = 2 L 007 5 52 4 (y—c)? =(-2)* =4 =27

= x% +(y—c)* =27, which is the equation of a circle of radius 2 centered at (0, c).
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Suggestions or Solutions
To the Problem in the Example 7

Solve for X and y the equation (X — a)’ + - b)? = 0 where a and b are constant.

To begin with, if (x —a)* + (y — b)> =0, we get x —a = 0, and y — b = 0 at the same time.

Therefore, the solution isthat x =aandy = b.

What if we want to solve for X, y, and z the equation as follows?

(x—a)? + (y — b)* + (z - c)* = 0 where a, b, and ¢ are constant.

First of all, in the equation given, X, Y, z, a, b, and ¢ can have real numbers only.

Sox—a,y—b, and z - c are real, too, and thus, neither of (x — a)?, (y — b)%, and (z — ¢)?
can be negative.

So first, if x—a=0, we get (x—a)* =0, ify—b=0, we get (y—b)*=0,and if z—c =0,
we get (z—c)* = 0.

Next, if x—a =0, we get (x—a)’>0, ify—b =0, we get (y—b)*>0,and if z—c 0,
we get (z-c)* > 0.
Thus, we can get three cases as follows.

e If either of (x —a), (y = b), and (z = ¢) is 0, and the others are not, then either of (x — a)’,
(y-b)? and (z—c)* is 0, and the others are positive, so we get

(x-a)’ +(y-b)’ +(@z-c)*>0.
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e If (x—a), (y—b), and (z - c) are all non-zero, then all of (x — @)%, (y — b)?, and (z - c)*
are positive, so we get (x —a)” + (y — b)* + (z = ¢)* > 0.

e If (x—a), (y—b), and (z - c) all are 0, then all of (x — a)?, (y — b)?, and (z - c)* are 0,
t00, S0 We get (X —a)* + (Y —b)* + (z—-¢)* = 0.

Thus, (x —a), (y —b), and (z — c) all have to be 0 at the same time.

In other words, unless (x —a), (y —b), and (z — c) all are 0 at the same time, we get
(x-a)*+(y-b)*+ @z -c)*>0.

Thus, we needto have x—a=0,y-b=0,andz-c=0.

Therefore, the solutionisx=a,y="b, and z =c.
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Suggestions or Solutions
To the Problem in the Example 8

Solve for X and y the equation as follows.
w(x — u)® + w(y — v)? = 0 where u, v, and w are constant.

We can have w(x — u)* + w(y — v)* = 0 = w{(x — u)* + (y - v)?} = 0.

So first, if w=0, then (x — u) and (y — v) can be any real numbers

Thus, if (x — u) is any real number, we can say that (x = u + any real number) is any real
number.

So x can be any real number.
And the same is true for y, too.

Thus, x and y can be any real number.

Next, if w = 0, then we get
WX —U) + (Y -V} =0= (X-Uu)*+(y-v)’=0

Sowegetx—u=0andy-v=0,and thus, wegetx=uandy =v.

Therefore, the solution to w(x — u)* + w(y — v)> =0 is
First, if w= 0, then x and y are any real numbers.

Next, ifw#0, we getx=u,andy =v.



