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Examples A in Circles

Constructing a curve in math, we can put it in a graph. Putting it in a graph though, we
need the equation of it. So constructing it, we want to find the equation of it if we are not
given the equation, of course. And finding the equation, it is said that we get it, too.

0. Assuming that a line is 2x + 3y — 3 = 0, construct these:

0.0. Acircle that is tangent to the line, and has a radius of 2 and a center where the x-
coordinate is 1.

0.1. Acircle that is tangent to the line, and has a radius of 2 and a center where the y-
coordinate is 1.

1. Construct a circle that is tangent to a line x = a, where a is constant, and has a radius
of 2 and a center where the y-coordinate is 1.

2. Construct a circle that is tangent to a line y = b, where b is constant, and has a radius
of 2 and a center where the x-coordinate is 1.



Suggestions or Solutions
To the Problem 0 in the Example 0

Construct a circle that is tangent to a line 2x + 3y — 3 =0, and has a radius of 2 and
a center where the x-coordinate is 1.

Suppose S is the circle to be constructed, A is the line 2x + 3y —3 =0, B is a line parallel
to A, and the distance between A and B is 2, which is the radius of S.

Then, B can be put in y = -2 x + cwhere c is constant and ¢ # 1, for B is parallel to A.
Meanwhile, we get 2x +3y—-3=0=>y=—-2x+1.

Suppose now, t is constant, and (1, t) is a point in B. Then, the center of S can be put in
(1,—%+c), the distance from which to A is the radius of S.

So S can be for now, put in(x —1)* +{y — (-2 +c)}* =4.

pu+qv-+r|

Jp2+a®

The distance from a point (u, v) to a line px + qy + r = 0 is 12zl

[2:1+3(—3+c)-3| |3c 3]

So the distance from the center to A is which is 2. Thus, we get

22432 Vi3
So we get —%+C— +312J— 1123:@.

Therefore, the circle S is as follows. (x —1)% + (y — 2212 = 4

If not quite sure of the idea behind the processes above, follow the steps below.
Suppose A is the line 2x + 3y — 3 =0, B is a line parallel to the line A, and the distance
between A and B is 2.

Then, if the center of a circle is in the line B, and the circle is tangent to the line A, then
the radius is 2. Meanwhile, 2x +3y-3=0=y=—-2x+1.
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Let’s now, put in a graph the ideas above.

Fig. 0 y
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Now, we can see that there are two circles that can be the solution to this problem.

Given the center and radius, we can find the circle.

We know that the radius is 2, but the x-coordinate only of the center is given.
So we want to find the y-coordinate of the center.

Anyway, where do we want to look for the center?

The center is in the line B. That is, one of the points in the line B is the center.
So we want to find the line B, first. How then, do we find the line B?

The line B is parallel to and 2 away from the line A.
Then, where in the line B, is the center?

We have a fact that at the center, the x-coordinate is 1.
So using the fact, we can find exactly where the center is in the line B.



Then, using the center, together with the radius, which is 2, we can find the circle.

Now, going back to the graph above, we can see that the two lines A and B are parallel
to each other, so B can be put iny = —Z x+cwhere c is constant and ¢ = 1, and of course,

we want to find c. How to find it, though? That is, how do we find the line B?

The line B has a point that is the center of the circle we want. So suppose now, that S is
the circle to be constructed. Then, the center of the circle S is in the line B.

We know that the x-coordinate at the center is 1.

So we can suppose that the center is (1, t) where t is a constant.

Then, the point (1, t) belongs to the line B, so we can put it into B, which isy = -2 x+c.
Thus, we get t =—%+c, which is the y-coordinate at the center of the circle S.

So the center of the circle S can be put this way: (1,—%+c ). How do we find c, then?

We can find c using a fact stated earlier, and relevant to the radius. What fact?

The fact is that the distance from A to the center of S is the radius, which is 2.
How then, do we use such a fact?

The fact is talking about the radius, so let’s now, move on to the radius.

We know the center of S is in the line B, and the circle S is tangent to the line A.

So the radius of S is the distance from the center to the line A. We have a tool for such a
distance, and the tool is a template, called a formula for a distance from a point to a line.

e The distance from a point (u, v) to a line px + qy + r = 0 is 2z



Now, the line A is 2x + 3y — 3 = 0, and the center of Sis (1,—4+c ). Thus, the distance

from the center to A is

3|1 c|

So we get —— =2=——

9(1 c)

[2:143(—2+c)-3| |30 3]
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which is the radius of S, which is 2.

=4=9(1-c)=52=>1-c=t32=c=1s2L =%

Now, we know that the center of Sis (1,—%+c).

So the center is (1,—

first, if c = 3+”— , We g

Next, if ¢ =243 2( ,weget—24+c=—2+

Now, since the radius is 2, using the standard form, we can see that the circle S is

3’ﬂr) which means we get two circles. More specifically,

et—2+c=—-Z+

3+2f

32\F

l+2\/7 ~2.737.

1208 5 _2 070,

(x=1)° +(y—222) =4 or (x-1)° +(y-&2) =4,

Of course, we can put the equations above this way, too: (x —1)* +(y —%)2 =4
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Suggestions or Solutions
To the Problem 1 in the Example 0

Construct a circle that is tangent to a line 2x + 3y — 3 =0, and has a radius of 2 and
a center where the y-coordinate is 1.

Suppose first, C is the circle to be constructed, A is the line 2x + 3y -3 =0, B is a line
parallel to the line A, and the distance between the lines A and B is 2, which is the radius
of C. Then, the center of the circle C is in the line B.

Next, putting the line A in the standard form, we get y =—2 x+1, so the line B can be

put in y =—2 x +c, where ¢ is constant and ¢ = 1. Suppose now, that (s, 1) is a point in B.

Then, (s, 1) is the center of C, and we get 1=—2s+c since Bisy=—2x+c.

3(°2_ L and thus, the center of C can be put in (32 1).

—_2 —
Soweget l=—<s+c=>s= 5

So the circle C can be for now, put in (x —2$2)? + (y-1)% = 4.

The distance from a point (u, v) to a line px + qy + r = 0 is 2t

\ pP+g?

The line A is 2x + 3y — 3 = 0, and therefore, the distance from the center to the line A is
24313 _ 3(e-1)

J22432 N

which is the radius, which is 2. Thus, we get

31— _ o(1-cy _ - . e
J—l_;—2:> 13° _439(1—C) —52:}1—C—i%:>c_liTl_ +31.

3213
Soweget XD =5 _ 4 /13,

2

Therefore, the circle C is(x+~/13)2 +(y—1)* =4, or (x—+13)?+(y-1)* =4,

If not quite sure of the idea behind the processes above, follow the steps below.

Suppose A is the line 2x + 3y —3 =0, and B is a line parallel to the line A.

Suppose also, the distance between the lines A and B is 2, and C is the circle we are after.
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Then, the center of the circle C is in the line B, and the radius is the same as the distance
between A and B. Meanwhile, 2x + 3y -3 =0=y=-%x+1, which is the line A.

Now, putting in a graph the ideas above, we can put it the way below.

Fig. 0 y
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Now, we can see that there are two circles that can be the solution to this problem.
e Given the center and radius of a circle, we can find the circle.
We know that the radius is 2, but the y-coordinate only at the center is given.

So we want to find the x-coordinate of the center.
Anyway, whereabouts is the center?

The center is somewhere in the line B. So it is for sure that the line B passes through the
center. So we want to find the line B, first. How then, do we find it?

We know the line A. So what about it?



The line A is parallel to, and is 2 away from the line B. And also, the line A is tangent to
the circle we want. Then, what point in the line B, is the center?

We have a fact that at the center, the y-coordinate is 1. So using the fact, along with the
line A, we can find the exact location of the center in the line B.
Then, using the center, along with the radius, which is 2, we can find the circle we want.

Now, the line Alis y =—2x+1,and is parallel to the line B, so the line B can be put in an
equation y = -2 x + ¢, where the slope is the same as A’s, and ¢ is constant and = 1.

Next, we know that the y-coordinate at the center of the circle C is 1.
So we can suppose that the center of the circle C is (s, 1), where s is a constant.
Also, we know the center of C, that is, (s, 1) is in the line B, which isy = -£ x +c.

3(c-1)
2

Soweget 1= —%s +C=>sS= , and thus, the center of C can be put this way:

(32 1) How then do we find c?

The distance from the line A to the center of the circle C is the radius, which is 2.
And we have yet to use the fact above, so let’s now, move on to the radius.

First, the center of the circle C is in the line B, and the circle C is tangent to the line A,
so the radius of the circle C is the distance from the center to the line A. And next, there

is a template, where the distance from a point (u, v) toalinepx+qy+r=01s %V*;'
p=+q

The line A is 2x + 3y — 3 = 0, the center of the circle Cis (s, 1) = (3(°2"1) ,1), so the

2451431 3|='3(°1‘31)',wh|ch is the radius, which is 2.

distance from the center of Cto A is
22432 V13

Sowe get T =2= M — 45 9(1—cf =52=>1-c=+L = c=13 20 = 220
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_ 3+2J13 3(c=1) 1y _ (3c— _ (3+2413-3 qy _ (213 1y _

Then, we getc = 3203 — (36D ) = (3e8 1) = (3241323 1) - (22413 1) = (+/13,1),
Therefore, the center of the circle C is (\/E,l) or (—\/E,l), SO we can get two circles.
Now, since the radius is 2, using the standard form, we can see that the circle C is

(x=~/13)> +(y—1)> =4 or (x+~/13)> +(y—1)> =4. And we have~/13 ~ 3.606.

Fig. 1 y
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Suggestions or Solutions
To the Problem in the Example 1

Construct a circle that is tangent to a line x = a, where a is constant, and has a
radius of 2 and a center where the y-coordinate is 1.

Suppose C is the circle to be constructed, A is the line x = a, B is another line x = ¢,
where c is a constant and = a, and the distance from A to B is 2, which is the radius of C.

Then, the center of C is (c, 1), and the radius is |c — a|, so we get
c-a|=2=>c-a=+2=c=a+2o0ra-2.

Therefore, the circle Cis (x—a + 2)? + (y = 1)>=2%or (x—a—2)* + (y — 1) = 22.

If not quite sure of the idea behind the processes above, follow the steps below.

Let’s begin with putting in a graph the line and some probable circles.
Then, we can see better whereabouts the solution is.
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Now, we can see that there can be such two circles as the one this problem is asking.
Given the center and radius of a circle, we can find the circle.

We know that the radius is 2, but the y-coordinate only of the center is given, and is 1.
So we want to find the x-coordinate of the center.

Suppose C is the circle to be constructed, A is the line x = a, B is a line parallel to the
line A, and the distance between the two lines A and B is 2.

Then, the center of the circle C is in the line B.

The line B is parallel to the line A, which is x = a, so the line B can be put in an equation
where X = ¢, where ¢ is a constant, and # a. In the line x = ¢ in the x-y system, every
value of x is c for every value of y. In short, x is ¢ for all y.

So the center of the circle C is (c, 1), for the center is in B and the y-coordinate is 1 there.
Besides, the radius of the circle C is 2, so the circle C can be put this way, for now:

(x-c)*+(y-1)*=2%
Let’s now, move on to the radius to find c.
First, the distance between the two lines A and B is the radius of the circle C.

Next, looking at the graph, we can immediately see that the distance between A and B is
|c—al.

So this time, we don’t have to use the formula for the distance from a point to a line.

Let’s see however, if the formula still works in this case, too.

| pu+qv+r

: . : v ir=0i
The distance from a point (u, v)toalinepx+qy+r=0is T

The line Ais x = a, that is, 1-x + 0-y —a = 0, and the center is (c, 1).

1.c+0-1-a
gl |:|

So the distance from the line A to the center, that is, the radius i
N

-a.
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Now, since the radius is 2, we get|c—a|=2=>c-a=+2=c=a+2o0ra-2.

Sofirst, if c=a+2, we get (x—c)*+ (Y- 1)° =2 = (x —a—-2)° + (y - 1)* = 2°.
Next, ifc=a—2, weget (x—c)>+ (y-1)>=2>= (x—a+2)*+ (y—1)?= 22

Thus, the circle Cis (x—a—2)*+ (y—1)*=2%0r (x—a + 2)* + (y - 1)* = 22, which is a
circle that is tangent to a line x = a, and has a radius of 2 and a center in which the y-
coordinate is 1.

In short:

Suppose C is the circle to be constructed, A is the line x = a, B is another line x = ¢,
where c is a constant and # a, and the distance from A to B is 2, which is the radius of C.

Then, the center of C is (c, 1), and the radius is |c — a|, SO we get

c-al=2=>c-a=+2=c=a+2o0ra-2.

Therefore, the circle Cis (x—a + 2)* + (y —1)>= 2% or (x —a - 2)* + (y - 1)* = 22
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Suggestions or Solutions
To the Problem in the Example 2

Construct a circle that is tangent to a line y = b, where b is constant, and has a
radius of 2 and a center where the x-coordinate is 1.

Suppose C is the circle to be constructed, A is the liney = b, B is a line y = ¢, where c is
constant and = b, and the distance from A to B is 2, which is the radius of the circle C.

Then, the center of the circle C is (1, c), and the radius of C is |c — b|, so we get

c-b|=2=>c-b=+#2=c=b+2o0rb-2.

Therefore, the circle Cis (x — 1)* + (y — b + 2)* = 2% or (x - 1)* + (y —b - 2)* = 22,

If not quite sure of the idea behind the processes above, follow the steps below.

Let’s begin with putting the problem in a graph. Then, we can see better whereabouts the
solution is.

Fig. 0 y
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Now, to this problem, too, we can see that two circles can be the solution.

Suppose C is the circle we want, A is the line y = b, B is a line parallel to the line A, and
the distance from the line A to the line B is 2, which is the radius of the circle C.

Then, the center of the circle C is in the line B, for the radius is the distance above.

Since the two lines A and B are parallel to each other, the line B can be indicated by an
equation of a line y = ¢, where c is constant and # b.

In the line y = c in the x-y system, every value of y is c for every value of x.
In short, y is c for all x.

Since the x-coordinate of the center of the circle C is 1, we can suppose the center of the
circle Cis (1, t), where t is constant. Then, we want to find t.

The center (1, t) is in the line B. So we get t = c since the line Bisaliney = c.
Thus, the center of the circle C is (1, ).

Let’s now, move on to the radius.
First, the distance between the two lines A and B is the radius of the circle C.
Next, looking at the graph, we can immediately see that the distance from the line A to

the line B is |c — b|. So this time, either, we don’t have to use the formula for the distance
from a point to a line. Let’s see however, if the formula still works in this case, too.

e The distance from a point (u, v) to a line px + qy + r = 0 is 2.

VpP+a’
The line Aisy = b, that is, 0-x + 1.y — b = 0, and the center is (1, c).

So the distance from the line A to the center, that is, the radius is % =|c-D|.

+1

Now, since the radius of the circle Cis 2,|c-b|=2=>c-b=42=c=b+2o0rb-2.

Why ¢ - b =2, though?
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|v| indicates the absolute value of v, that is, the magnitude of v.

So for instance, we get |w| =1 = w =1 or -1, that is, w = 1.

Now, since the radius of the circle C is 2 and the center is (1, c¢), the circle C can be put
this way, for now: (x — 1) + (y — ¢)* = 22

So first, ifc=b +2, we get (x - 1)2 + (y—c)? = 22 = (x —= 1)+ (y - b - 2)? = 2%,

Next, ifc=b -2, weget (x-1)°+ (y-c)’=2°= (x = 1) + (y—b + 2)* = 2%

Thus, the circle Cis (x — 1) + (y—b —2)>=2%0r (x = 1)* + (y — b + 2)* = 22, which is a
circle that is tangent to the line y = b and has a radius of 2 and a center where the x-

coordinate is 1.

We can put the circle C this way, too, of course: (x — 1)> + (y — b + 2)? = 22

In short:

Suppose C is the circle to be constructed, A is the liney = b, Bis a line y = ¢, where c is
constant and = b, and the distance from A to B is 2, which is the radius of the circle C.

Then, the center of the circle C is (1, c¢), and the radius of C is |c — b|, so we get

c-b|=2=>c-b=+2=c=b+2o0rb-2.

Therefore, the circle C is (x — 1)* + (y = b £ 2)* = 2%,
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