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Examples 5 in Ellipses

In each example below, the ellipse is in the x-y plane.
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0. Find the ellipse that passes through a point (1, ), and has foci at (0, 0) and (4, 0).

1. Find the ellipse in which the four endpoints of the two main axes are (1, 3), (3, 4), (5,
3), and (3, 2).

2. Find the foci of the ellipse that passes through (-1, 1), (-2, -1), (-3, 1), and (-2, 3).

3. Find the ellipse of which the eccentricity is 3/5, and a directrix is a line x = 28/3,
and is corresponding to a focus at (4, 2).

4. Suppose C is a point in a line segment AB, and AC / CB =1/ 2. Then, assuming the
end point A is moving along the x-axis, and at the same time, the end point B is moving
along the y-axis, find the curve that the point C makes.

5. Find the maximum area of a rectangle inscribed in an ellipse x> + 9y* = 9.



Suggestions or Solutions
To the Problem in the Example O

2410

Find the ellipse that passes through a point (1’T)’ and has foci at (0, 0) and (4, 0).

To begin with, the ellipse is horizontal, and the center is (2, 0).

: . (x=2)" y?
So next, assuming the ellipse is —2+F: 1,we havea>b > 0.
a

Next, assuming s is the sum of two distances from a point in the ellipse to the foci, we
gets=2a. And also, since the ellipse has the given point, we can get s the way below.

5=(1-0)2 + (2R -0 +/(1-4)2 + (BB _0) = 142+ fo+ L -1 ¢

Sowe geta=3.

Next, assuming c is the focal distance, we get ¢ = 2, and ¢® = a* - b = b® = a® - ¢?
=b?=9-4=5=Db=4/5.

So the ellipse is

2 2 2 2
(x=2) +Y__1 often put this way, t00: (x—22) +L 1
9 5 3 (5

If not quite sure of the idea behind the processes above, follow the steps below.

2 2
(X;ZU) +(yk—)2V) _1

First, the standard equation of an ellipse centered at (u, V) is

And if a> Db > 0, the ellipse is horizontal, a is the major radius, and b is the minor radius.
If however, b >a > 0, it is vertical, b is the major, and a is the minor.

And if horizontal, the center, foci, and vertices share the same y-coordinate. So since the
foci given have the same y-coordinates, the ellipse we want to find is horizontal.

Next, the center is the midpoint between the foci. So the center is {(0 + 4)/2, (0 + 0)/2},
and thus, is (2, 0).
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Next, in an ellipse, the sum of two distances from a point to the two foci is constant, and
is in fact, the length of the major axis.

So assuming s is the sum of the two distances, we get s = 2a.

2J10
3

And since the given point (1, ) is in the ellipse, the sum of the two distances from

the point given to the two foci is 2a, too.  So finding the sum s, we get

s=J(1-0)2 + (22 -0)? +/(1-4)* + (2R —0) = [1+%2 1 Jo+ L -1 15

Sowe geta=3. What then, about b?

We have a connective equation c¢® = a® — b, where c is the focal distance, a is the major
radius, and b is the minor radius. So we get b*>=a’—c? What then, about c?

The focal distance is the distance from the center to each focus.
So since the center is (2, 0), and a focus is (0, 0), we get ¢ = 2.

And thus, we get b’ =a’ - c?=9-4=5=b =+/5.

)Y 2 _9)\2 2
So the ellipse is M+y—:1, often put this way, too: (x 22) +—L -1
9 5 3 (+/5)?

Fig. 0
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Suggestions or Solutions
To the Problem in the Example 1

Find the ellipse where the four endpoints of the two main axes are (1, 3), (4, 1), (7, 3),
and (4, 5).

To begin with, taking the distance from (1, 3) to (7, 3), we get 6.
Next, taking the distance from (4, 1) to (4, 5), we get 4.

So the major axis is 6, the minor axis is 4, and the ellipse is horizontal.

Next, the center is (4, 3).

2 2 2 2
v Ay W9, =1, often put this way, too: (x=4)  (y=3)

So the ellipse is
P 4 32 2?

If not quite sure of the idea behind the processes above, follow the steps below.

_ 2 _ 2
LS
And if a> Db > 0, the ellipse is horizontal, a is the major radius, and b is the minor radius.
If however, b >a > 0, it is vertical, b is the major, and a is the minor.

First, the standard equation of an ellipse centered at (u, v) is

Next, we can notice that the two points (4, 1) and (4, 5) share the same x-coordinate, so
the two points are the two end points of the axis of symmetry parallel to the y-axis.

And taking the distance between the two, we get 4.

Next, we can also notice that the two points (1, 3) and (7, 3) share the same y-coordinate,
so the two points are the two end points of the axis of symmetry parallel to the x-axis.

And taking the distance between the two, we get 6.
So the major axis is 6, and the minor axis is 4.

And two points (1, 3) and (7, 3) are the two vertices. And if the ellipse is horizontal, the
vertices share the same y-coordinate. So the ellipse we want to find is horizontal.
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Next, the center is the midpoint between the vertices.

So the center is {(1 + 7)/2, (3 + 3)/2}, and thus, is (4, 3).

2 2 2 2
(X;A') L= =1, often put this way, too: (x=4)  (y=3)"

So the ellipse is
P 4 32 2?
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Suggestions or Solutions
To the Problem in the Example 2

Find the foci of the ellipse that passes through (-1, 1), (-2, -1), (-3, 1), and (-2, 3).

To begin with, taking the midpoint of (-1, 1) and (-3, 1), we get (-2, 1).
And taking the midpoint of (-2, -1) and (-2, 3), we get (-2, 1), too.
So we can notice that the four points are the four endpoints of the two main axes.

Thus next, taking the distance from (-1, 1) to (-3, 1), we get 2.

Next, taking the distance from (-2, -1) to (-2, 3), we get 4.

So the major axis is 4, the minor axis is 2, and the ellipse is vertical.

And next, the center is (-2, 1).
_1\2 2 _1\2

-3 (x+2)° (=1 _;

So the ellipse is (x+2)* + 22

=1, often put this way, too:

If not quite sure of the idea behind the processes above, follow the steps below.

First, the standard equation of an ellipse centered at (u, v) is

_ 2 _ 2
LS RCEY
And if b > a > 0, the ellipse is vertical, b is the major radius, and a is the minor radius. If
however, a > b > 0, it is horizontal, a is the major, and b is the minor.

Next, we can notice that the two points (-1, 1) to (-3, 1) share the same y-coordinate, so
we can expect that the two points are the two endpoints of the axis of symmetry parallel
to the x-axis. And the axis of symmetry is one of the two main axes.

And also, we can notice that the other two points (-2, -1) and (-2, 3) share the same x-
coordinate, so we can also expect that the two points are the two endpoints of the axis of
symmetry parallel to the y-axis.

How then, can we check to see if the four points are the four endpoints of the main axes?
We know that the center is the midpoint of the vertices, which are the two endpoints of

the major axis, and also, that the center is the midpoint of the two endpoints of the minor
axis, too.
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So we can check to see of the midpoint of the two points (-1, 1) to (-3, 1) is the same as
the midpoint of the other two points (-2, -1) and (-2, 3).

Taking thus, the midpoint of (-1, 1) to (-3, 1), we get (-2, 1). And taking the midpoint of
(-2, -1) and (-2, 3), we get (-2, 1), too. So the four points are the four endpoints of the
main axes, and the center is (-2, 1).

So next, taking the distance between (-1, 1) to (-3, 1), we get 2. And taking the distance
between (-2, -1) and (-2, 3), we get 4. So the major axis is 4, and the minor axis is 2.

And the vertices are the endpoints of the major axis, so two points (-2, -1) and (-2, 3) are
the two vertices. And if the ellipse is vertical, the vertices share the same x-coordinate.
So the ellipse we want to find is vertical.

—1)?2 2 _1\2
So the ellipse is (x+2)2+M:1, often put this way, too: (X+22) +(y 21) =1
4 2
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Suggestions or Solutions
To the Problem in the Example 3

Find the ellipse of which the eccentricity is 3/5, and a directrix is a line x = 28/3, and
is corresponding to a focus at (4, 2).

Suppose first, T(x, y) is an arbitrary point of an ellipse, D is the distance from T to a
directrix, F is the distance from T to the focus corresponding to the directrix, and e is the
eccentricity. Then, we get F = eD, that is, e = F/D. So in this case, we get F/D = 3/5.

So next, taking the distances, we get D? = (x — 28/3), and F? = (x — 4)* + (y — 2)°.
(x=4)°+(y-2)°

(x=27

= 9(x — 28/3)? = 25{(x — 4)* + (y — 2)°} = 25(x = 4)* — 9(x — 28/3)* + 25(y — 2)* = 0.

Then, we get F/D = 3/5 = (F/D)? = F3/D? = 9/25 =

And we have an identity, A-B=(A+B)(A-B). So we get

25(x — 4)> — 9(x — 28/3) = {5(x — 4) + 3(x — 28/3)H5(x — 4) — 3(x — 28/3)}

= (5x — 20 + 3% — 28)(5X — 20 — 3 + 28) = (8 — 48)(2x + 8) = 16(x — 6)(X + 4)

= 16(x% — 2x — 24) = 16(x* — 2x + 1 — 25) = 16(x — 1)* — 16-25 = 16(x — 1)* — 20°.

So we get 16(x — 1) — 20% + 25(y — 2)* = 0 = 16(x — 1)* + 25(y — 2)° = 207

_1)2 _ 2
= 43 (x - 1)* + 54y -2)* =45’ = (x 21) LU 22) =1, which is the ellipse we want.
5 4
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Suggestions or Solutions
To the Problem in the Example 4

Suppose C is a pointin a line segmentﬁ, and AC/CB=1/2. Then, assuming the
end point A is moving along the x-axis, and at the same time, the end point B is
moving along the y-axis, find the curve that the point C makes.

Setting first, C = (x, y), A = (u, 0), B = (0, v), and AB =k, we get x = 2u/3 and y = v/3.

Then, by the distance formula, we get (AB)?= (u - 0)? + (0 - v)? = kK> = u? + V2 = K%
And we get x =2u/3 = u =3x/2,and y = v/3 = v = 3y.

X2 y2 X2 y2
So next, we get u” + v* = k* = (3x/2)* + (By)’ =+ 2=k = ——+ 2 =
¢ & Gk Gk)
which is a horizontal ellipse where the center is (0, 0), the major radius is 2k/3, and the
minor radius is k/3.

If not quite sure of the idea behind the processes above, follow the steps below.

Setting first, A= (u, 0), and B = (0, v), we can put the point C and the line segmentﬁ
in a graph the way below.

Fig. 0 Ya

B(0, v)

0 A(u, 0) X

Next, we know that the point C moves in the x-y plane as the two points A and B, and
makes a curve. So we can take the point C as the arbitrary point in the curve, and thus,
canset C = (x,y).
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Next, assumingﬁ =Kk, that is, the length of AB s K, by the distance formula, we
get(ﬁ)zz (u- 0)2 +(0 —V)2 “ K= U+ Vi = KA

Next, we know AC /CB =1/2. Sowe getx =2u/3 andy = v/3.
In other words, the point C is at the third of the line segment from the point A. It’s

because CB is twice AC.

Fig. 1

Then, we get x = 2u/3 = u =3x/2,and y = v/3 = v = 3y.

So next, getting the connective equation between x and y, we get the equation of the
curve, and getting the equation, we get

<

X 2 2 X2 2
u2+v2:k2:>(%x)2+(3y)2=k2:>[7J +(¥J =K== =K
3 3 %" &)
2 2

= (zXT)er(lyT)z =1, which is a horizontal ellipse where the center is (0, 0), the major
3 3

radius is 2k/3, and the minor radius is k/3.

In other words, the curve is an ellipse horizontal where the center is (0, 0), the major
axis is 4k/3, and the minor axis is 2k/3.

What then, about the case where BC /CA=1/2?

Setting again, A = (u, 0), and B = (0, v), we can put the point C and the line segmentﬁ
in a graph the way below.
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Fig. 2

B(0, v)

0 A(u, 0) X

And taking the point C as the arbitrary point in the curve, we can set C = (X, y).
Next, assuming again, AB = k, we get(AB)?= (u—0)? + (0 - v)? = k? = u? + V2 = k2.

Next, we know BC /CA=1/2. Sowe getx =2u/3 andy = Vv/3.

In other words, the point C is at the third of the line segment from the point A. It’s
because CB is twice AC.

Fig. 2

A(u, 0) X

Then, we getx =u/3=u=3x,andy = 2v/3 = v = 3y/2.

So next, getting the connective equation between x and y, we get

2 2 2 2
u2+v2:k2:>(3x)2+(gy)2=k2:[§J +(%} k= X Yo
3 3 ) &

2 2

X y
Gk (GKk)

11

=1, which is a vertical ellipse where the center is (0, 0), the major axis

is 4k/3, so the major radius is 2k/3, and the minor axis is 2k/3, so the minor radius is k/3.
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Suggestions or Solutions
To the Problem in the Example

Find the maximum area of a rectangle inscribed in an ellipse x* + 9y = 9.

First, we can put the equation this way, too: x*/3% + y?/1? = 1. So assuming (X, y) is an
arbitrary point in the ellipse, we can put the rectangle in the ellipse the way below.

Fig. 0 x

So next, assuming A is the area of the rectangle, we can set A = 4|xy|.

Next, we can get X% + 9y? = 9 = x =+,/9-9y? =+3,/1— y°.

So we get A = 4|xy| =12 yﬂ |= 12@.

Next, setting s = y?, we get-1<y<1=0<y’<1=>0<s<1.
So next, setting t = y* —y* we gett=s—s’for0<s<1.

And we gett=-(s>—s) = -(s> = s + 1/4 — 1/4) = -(s — 1/2)* + 1/4.

So when s = 1/2, t gets its maximum value, which is 1/4.

That is, when y? = 1/2, (y* — y*) gets its maximum value, which is 1/4.

So wheny :i% =+2 A=1241t gets its maximum value, which ile\E =6.

L5



