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Examples 5 in Hyperbolas

Find if each hyperbola below is horizontal or vertical, the center, foci, vertices,
transverse axis, conjugate axis, asymptotes, eccentricity, and directrices.

0. 4x*+8x+4-y*+1=0

1. 1-x*+8y+4+4y*=0

2. 16x*+32x—25y*— 100y - 484 =0

3. 12x-3x*+8y+4y*+4=0
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Suggestions or Solutions
To the Problem in the Example 0

Find all the elements of the hyperbola as follows. 4x* + 8x + 4 —y* + 1 = 0.

2 2
To begin with, we can put the hyperbola given this way: 31/—2— (X(j)? =1.
2
So the hyperbola is vertical, the center is (-1, 0), the transverse axis is 2, and the
conjugate axis is 1.

Next, assuming c is the focal distance, b is half the transverse axis, and a is half the
conjugate axis, we getb=1,a=1,andc?=a’+ b’ = c?=1+1=2 =c=%L,

So the focal distance is<2, and the foci are (~1,%) and (-1, - %)
And the vertices are (-1, 1) and (-1, -1).

Next, the asymptotes are y = £(b/a)(x + 1) = y = £2(x + 1).
Next, assuming e is the eccentricity, we gete = c/b :é.

And next, the directrices are y = +b/e = xb%/c =+25,

If not quite sure of the idea behind the solution above, follow the steps below.

To begin with, if a hyperbola is centered at (u, v), and is horizontal, the equation is

(x-u)* (y-v)*
a’ b?

=1, where a is half the transverse axis, and b is half the conjugate

(y-v)* _(x-uy’

o =1, where b is half the transverse
a

axis. And if vertical, its equation is

axis, and a is half the conjugate axis.

Next, we can put the hyperbola given the way below.

AC+8X+4-y+1=0=40C+2x+ 1) -y +1=4(x + 1) -y?*+1=0

2 2
Sy oaxr =1 LoDy
N ),
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So the hyperbola given is vertical, the center is (-1, 0), the transverse axis is 2, and the
conjugate axis is 1. What then, about the focal distance?

If ¢ is the focal distance, 2b is the transverse axis, and 2a is the conjugate axis, we get
c?=a’+b% Sowegetc’=i+1=35 =c=%2,

Next, the center, foci, and vertices are all in the transverse axis. So if the hyperbola is
vertical, the center, foci, and vertices share the same x-coordinate.

The center is the midpoint between the foci, and the focal distance is the distance from
the center to each focus, and is ¢, which is <.

And also, the center is the midpoint between the vertices, too, which are the endpoints of
the transverse axis, which is twice the distance from the center to each vertex, and the
distance in this case, is b, which is 1.

So since the center is (-1, 0), and the hyperbola is vertical, the foci are (0—1,%) and
(0—1,—E) that is, (-1,%2) and (1, — <2 and the vertices are (0 — 1, 1) and (0 - 1, -1),
that is, (-1, 1) and (-1, -1).

Next, a hyperbola has two lines called the asymptotes, the slope of one is b/a, and the
other is —b/a. And the asymptotes pass through the center, which is (-1, 0) in this case.

So the asymptotes arey = £(b/a)(x + 1) => y = £2(x + 1).

Next, the eccentricity of a hyperbola is a ratio, the focal distance over half the transverse

axis. So assuming e is the eccentricity, we gete = c/b :é.

And next, a hyperbola has two lines called the directrices, and the distance from each to
the center is a ratio, half the transverse over the eccentricity. So since the center is (-1, 0),
and the hyperbola is vertical, the directrices are as follows.

y=+ble=+b%c=+2= +25,



y=28
>
X
y=-25
2 2
The hyperbola is y? — 4(x + 1)? = 1, which is often put this way: i’—z— (X(:r)? =1.
2

Note that half the transverse axis is called the semi major axis, too, and half the
conjugate axis is called the semi minor axis.
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Suggestions or Solutions
Problem 1

Find all the elements of the hyperbola as follows. 1 — x? + 8y + 4 + 4y* = 0.

X+,
12 (%)2

So the hyperbola is horizontal, the center is (0, -1), the transverse axis is 2, and the
conjugate axis is 1.

To begin with, we can put the hyperbola given this way:

Next, assuming c is the focal distance, a is half the transverse axis, and b is half the

2 :>0=§.

conjugate axis, we geta=1,b=1,andc*=a*+ b’ = c*=1+1=3

So the focal distance is%, and the foci are (@,—1) and (—@ ,—1).
And the vertices are (-1, -1) and (1, -1).

Next, the asymptotesarey + 1 =t(b/a)x =y + 1 = 1 x.
Next, assuming e is the eccentricity, we get e = c/a ==2.

And next, the directrices are x = +a/e = +a’/c =+ 25,

If not quite sure of the idea behind the solution above, follow the steps below.

To begin with, if a hyperbola is centered at (u, v), and is horizontal, the equation is

(x-u)* (y-v)*
a’ b?

=1, where a is half the transverse axis, and b is half the conjugate

(y-v)* _(x-uy’
2 a2

axis. And if vertical, its equation is =1, where b is half the transverse

axis, and a is half the conjugate axis.

Next, we can put the hyperbola given the way below.
1-X2+8y+4+4y° =04y  +2y+1)—x2+ 1 =4y +1)*-x*+1=0

2 2
X+ o

2 2
=>X-4y+1)=1=>
Q)



So the hyperbola given is horizontal, the center is (0, -1), the transverse axis is 2, and the
conjugate axis is 1. What then, about the focal distance?

If ¢ is the focal distance, 2a is the transverse axis, and 2b is the conjugate axis, we get
c?=a’+b% Sowegetc’=1+i=35 =c=%2,

Next, the center, foci, and vertices are all in the transverse axis. So if the hyperbola is
horizontal, the center, foci, and vertices share the same y-coordinate.

The center is the midpoint between the foci, and the focal distance is the distance from
the center to each focus, and is ¢, which is <.

And also, the center is the midpoint between the vertices, too, which are the endpoints of
the transverse axis, which is twice the distance from the center to each vertex, and the
distance in this case, is a, which is 1.

So since the center is (0, -1), and the hyperbola is vertical, the foci are (@ ,0-1)and
—5 0-1), that is, (*2,~1) and (-2, 1), and the vertices are (1, 0— 1) and (-1, 0 — 1),
that is, (1, -1) and (-1, -1).

Next, a hyperbola has two lines called the asymptotes, the slope of one is b/a, and the
other is —b/a. And the asymptotes pass through the center, which is (0, -1) in this case.

So the asymptotesarey + 1 = +(b/a)x =>y + 1 =+ x.

Next, the eccentricity of a hyperbola is a ratio, the focal distance over half the transverse

axis. So assuming e is the eccentricity, we get e = c/a :é.

And next, a hyperbola has two lines called the directrices, and the distance from each to
the center is a ratio, half the transverse over the eccentricity. So since the center is (0, -1),
and the hyperbola is horizontal, the directrices are as follows.

X=4ale=+a¥c=+2 —+25
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y=-3
y=-
o
2 2
The hyperbola is x* — 4(y + 1)? = 1, which is often put this way: )1(—2—% =1
2

Note that half the transverse axis is called the semi major axis, too, and half the
conjugate axis is called the semi minor axis.
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Suggestions or Solutions
To the Problem in the Example 2

Find all the elements of the hyperbola as follows. 16x* + 32x — 25y* — 100y — 484 = 0.

(x+1)?* (y+2)°
T L

So the hyperbola is horizontal, the center is (-1, -2), the transverse axis is 10, and the

conjugate axis is 8.

To begin with, we can put the hyperbola given this way:

Next, assuming c is the focal distance, a is half the transverse axis, and b is half the
conjugate axis, we geta=5, b =4, and c®= a® + b> = c? = 25 + 16 = 41 = ¢ =+/41.

So the focal distance is+/41, and the foci are (\/H —-1,-2)and (—\/H -1,-2).
And the vertices are (4, -2) and (-6, -2).

Next, the asymptotes arey + 2 =+(b/a)(x + 1) >y + 2=+ (x + 1).
Next, assuming e is the eccentricity, we get e = c/a :@.

And next, the directrices are x = +a/e — 1 = +a’/c -1 =+254 1,

If not quite sure of the idea behind the solution above, follow the steps below.

To begin with, if a hyperbola is centered at (u, v), and is horizontal, the equation is

(x-u)* (y-v)°

- 1, where a is half the transverse axis, and b is half the conjugate
a

(y-v)* (x-u)’

o =1, where b is half the transverse
a

axis. And if vertical, its equation is

axis, and a is half the conjugate axis.

Next, we can put the hyperbola given the way below.
16x2 + 32x — 25y° — 100y — 484 = 16(x* + 2x + 1 — 1) — 25(y* + 4y + 4 — 4) — 484
=16(x + 1)> - 16 — 25(y + 2)? + 100 — 484 = 16(x + 1) - 25(y + 2)* - 400 =0 =

36 gy B (1 (y+2)

1.
400 400 5 4

1 1
2’ -1=0=-—(x+1)*——(y+2)* =1
(y+2) = X+l = (y+2)y =1=



Examples 5 in Hyperbolas 9

So the hyperbola given is horizontal, the center is (-1, -2), the transverse axis is 10, and
the conjugate axis is 8.  What then, about the focal distance?

If ¢ is the focal distance, 2a is the transverse axis, and 2b is the conjugate axis, we get
c?=a’+b% Sowegetc?=25+15=41=>c=+/4L1.

Next, the center, foci, and vertices are all in the transverse axis. So if the hyperbola is
horizontal, the center, foci, and vertices share the same y-coordinate.

The center is the midpoint between the foci, and the focal distance is the distance from
the center to each focus, and is ¢, which is+/41.

And also, the center is the midpoint between the vertices, too, which are the endpoints of
the transverse axis, which is twice the distance from the center to each vertex, and the
distance in this case, is a, which is 5.

So since the center is (-1, -2), and the hyperbola is vertical, the foci are (\/ﬂ—l, 0-2)

and (—\/ﬂ —-1,0-2)thatis, (\/H —-1,-2)and (—\/H —1,-2), and next, the two vertices
are(5-1,0-2)and (-5-1, 0-2), that is, (4, -2) and (-6, -2).

Next, a hyperbola has two lines called the asymptotes, the slope of one is b/a, and the
other is —b/a. And the asymptotes pass through the center, which is (-1, -2) in this case.

So the asymptotesarey + 2 =t(b/a)(x + 1) => y + 2=+ (x + 1).

Next, the eccentricity of a hyperbola is a ratio, the focal distance over half the transverse
axis. So assuming e is the eccentricity, we get e = c/a :@.

And next, a hyperbola has two lines called the directrices, and the distance from each to
the center is a ratio, half the transverse over the eccentricity.
So since the center is (-1, -2), and the hyperbola is horizontal, the directrices are as

— — 42 —4+.25 _ 4 25V41
follows. x = tafe-1=ta"/c -1 =+ 2 -1=+57=-1.
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4

(x+1)°* (y+2)°

2 2
=1, often put this way: (x+1)" (y+2)" _

1.
16 =2 e

The hyperbola is

Note that half the transverse axis is called the semi major axis, too, and half the
conjugate axis is called the semi minor axis.
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Suggestions or Solutions
To the Problem in the Example 3

Find all the elements of the hyperbola as follows. 12x — 3x? + 8y + 4y? + 4 = 0.
(x=2)° (y+1)° _

22 3y

So the hyperbola is horizontal, the center is (2, -1), the transverse axis is 4, and the

To begin with, we can put the hyperbola given this way:

conjugate axis is 2+/3.

Next, assuming c is the focal distance, a is half the transverse axis, and b is half the

conjugate axis, we geta=5, b =~/3,and ¢ = a’ + b> = c? = 25 + 3= 28 = ¢ =/28.

So the focal distance is+/28, and the foci are (/28 +2,—1) and (—/28 + 2, -1).
And the vertices are (0, -1) and (4, -1).

Next, the asymptotes arey + 1 = +(b/a)(x —-2) =>y + 1 =%3(x - 2).
Next, assuming e is the eccentricity, we get e = c/a =7,
And next, the directrices are x = +a/e + 2 = +a’/c + 2 =+ 21 12,

If not quite sure of the idea behind the solution above, follow the steps below.

To begin with, if a hyperbola is centered at (u, v), and is horizontal, the equation is
(x=u)’ (y-v)’
a b

axis.

Next, we can put the hyperbola given the way below.

12X —3x° + 8y + 4y’ +4=0=3x* - 12x - 4y* -8y -4 =0
=30 —4x+4-4) -4y +2y+1) =3(x-2)° - 4(y+1)>-12=0

o (=2 (D), (=2 (y+D)'
4 3 2? (+/3)?

=1, where a is half the transverse axis, and b is half the conjugate

11



12

So the hyperbola given is horizontal, the center is (2, -1), the transverse axis is 4, and the
conjugate axis is 24/3. What then, about the focal distance?

If c is the focal distance, 2a is the transverse axis, and 2b is the conjugate axis, we get
c?=a’+b% Sowe getc?=25+3=28=>c=+/28.

Next, the center, foci, and vertices are all in the transverse axis. So if the hyperbola is
horizontal, the center, foci, and vertices share the same y-coordinate.

The center is the midpoint between the foci, and the focal distance is the distance from
the center to each focus, and is ¢, which is+/28.

And also, the center is the midpoint between the vertices, too, which are the endpoints of
the transverse axis, which is twice the distance from the center to each vertex, and the
distance in this case, is a, which is 2.

So since the center is (2, -1), and the hyperbola is vertical, the foci
are (+/28 + 2,0 —1)and (—/28 + 2,0 - 1), that iis, (+/28 + 2, 1) and (—/28 + 2, ~1), and the
verticesare (-2+2,0-1)and (2 + 2,0-1), that is, (0, -1) and (4, -1).

Next, a hyperbola has two lines called the asymptotes, the slope of one is b/a, and the
other is —b/a. And the asymptotes pass through the center, which is (2, -1) in this case.

So the asymptotes arey + 1 = +(b/a)(x —-2) >y +1=%+1(x-2).

Next, the eccentricity of a hyperbola is a ratio, the focal distance over half the transverse

axis. So assuming e is the eccentricity, we get e = c/a :@ = % =7.

And next, a hyperbola has two lines called the directrices, and the distance from each to
the center is a ratio, half the transverse over the eccentricity. So since the center is (2, -1),
and the hyperbola is horizontal, the directrices are as follows.

— — 42 —4_4 4.4 N
X—ia/e+2—ialc+2—iﬁ+2—iﬁ+2—i7+2.
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yHI=4(x-2) y+1Z-4(x-2)

N

(x-2) (y+1)’

(x=2F _(y+1* _,

22 W3y

The hyperbola is =1, often put this way:

32

Note that half the transverse axis is called the semi major axis, too, and half the
conjugate axis is called the semi minor axis.
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