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Examples 8 in Hyperbolas

0. Find the equation of the line tangent to a hyperbola x*/a* — y?/b® = 1 at a point (s, t).

1. Suppose that P is a point in a hyperbola, and that A and B are the two foci of the
hyperbola. Suppose also, T is the line tangent to the hyperbola at P, M is the angle
between the line segment PA and the line T, N is the angle between the line segment PB
and the line T, and M and N both are acute angles. Show that M = N.



Suggestions or Solutions
To the Problem in the Example 0

Find the equation of the line tangent to a hyperbola x*/a” — y*/b? = 1 at a point (s, t).
Assuming first, the tangent line is y = mx + n, we get first, x*/a® — (mx + n)’/b? = 1.
And rearranging terms in the equation above, we get

x?la? — (mx + n)?/b? = 1 = b?? — a’(mx + n)? = a’h?

= b?x? — a%(mx + n)? = b — a’(m** + 2mnx + n?)

= (b? — a®m?)x? - 2mna®x — a’n’ = a’h? = (b® — a’m?)x? - 2mnax — a’(n* + b?) = 0.
Next, the line meets the hyperbola at one point, so the equation’s discriminant is 0.
Thus, we get m?n%a* + (b® — a’m?)a?(n® + b%) = 0 = m*n?a® + (b* — a’m?)(n? + b?) = 0
= b*+b’n’-a’h’m?= 0= b’ + n?—a’m? = 0.

Next, we know the fact that the line passes through (s, t). Sowe gett=ms +n.
Thus, we getn=t-ms. So we get

b?+ n?—a’m?=b%+ (t—- ms)’—a’m*=0
= b? + t? — 2stm + s’m? — a?m? = m%(s® — a%) — 2stm + b? + t* = 0.

st+4/st? — (s2 —a®)(b® +1?)
s’ —a’

value only. So what’s inside the square root has to be 0. That is to say that the

discriminant is 0.

Soweget m= . We know however, m can have one

So we get m =———. And since the discriminant is 0, we get
s°—a
242
a‘t
- (-’ + ) =a b’ +at*-s’p’ =0 b (@ -s) =-atP = s*-a’=—r.
b
sh? :
Soweget m ==z And we know that the line passes through (s, t).
a
h line i sh® . hi SX ty
So the tangent line is y—t :ta—z(x—s). And it can be put this way, too.?—F: 1.

If not quite sure of the idea behind the processes above, follow the steps below.
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Suppose first, the tangent line isy = mx + n, and is called T, and the hyperbola is H.

Then, since the line T is tangent to the hyperbola H, we can say that the line T meets the
hyperbola H at one point.

And assuming we find the point where the line meets the hyperbola, we get to solve a
system of two equations, one isy = mx + n, and the other is x*/a? — y*/b* = 1.

And solving the system, since y = mx + n, we can get first, x/a® — (mx + n)*/b*=1,
which is b>? — a?(mx + n)? = a?b?, which is a quadratic equation, which therefore, has to
have a double root, because the line meets the hyperbola at one point.

So the discriminant of the quadratic equation has to be 0.

By the way, if the coefficient of x is even, we can take a quarter of the discriminant,
because the result will get simplified that way.

If for instance, we have Ax? + 2Bx + C = 0, the discriminant is B> — AC.

So first, rearranging terms in the equation, we get

b?x? — a?(mx + n)® = b — a*(m** + 2mnx + n?)

= (b? — a®m?)x? - 2mnax — a’n’ = a’h? = (b® — a’m?)x? - 2mnax — a’(n* + b%) = 0.

So next, getting the quarter of the discriminant, we get

m?na’ + (b? — a’m?)a’(n’ + b?) = 0 = m?n%a’ + (b’ —a’m?)(n*+ b%) = 0

= m’n’a® + b’n® + b* - m*na’® — a’b’m? = b* + b’n® - a’b’m? = 0

= b?+n?-a’m?=0.
Next, knowing the slope and a point of a line, we can get the equation of the line.

We know the tangent line T passes through (s, t), and the slope is m.
And also, s, t, a, and b are all known values.

So finding m, we can get the line T. How then, can we find m?



We now have two equations that have m.
One is b? + n? —a?m? = 0. and the other isy = mx + n.

And we know the fact that T passes through (s, t). Sowe gett=ms +n.
Thus, we getn =t —ms.

So we can now get m putting n into the other equation. Then, we get

b?+n?-a’m?=b® + (t—ms)’> - a’m* =0
= b® + t? — 2stm + s’m? — a?m? = m%(s® — a) — 2stm + b? + t* = 0, which is quadratic.

. . st +4/s’t? —(s* —a®)(b* +t?

So using the quadratic formula, we get m = \/ g > X ) :
s°—a

We know however, m can have one value only.

So what’s inside the square root has to be 0. That is to say that the discriminant is 0.

st
_az '

Soweget m=

52

And since the discriminant is 0, we get

§%t? — (s* - %) (b” + 1) = s%t® — s%b? — t? + a’b” + a’t’ = -s’b* + a’b’ + a’t* = 0

242
= a’h? - s’h? + a’t? = 0 = b’(b? - %) = -a’t? = bA(s* - a%) = a’t’ = s*-a’ =ab—£.
2 2
Sowe get m=—; st > = st 2 5= sz , which is the slope of the line T.
s°—a a‘t® ta

And we know that the line T passes through (s, t).
If a line has a slope of k, and has a point (p, q), the line isy — q = k(x — p).

2
Sotheline Tis y-t ::Lz(x —5s), which looks a bit complicated.
a



Examples 8 in Hyperbolas 5

So simplifying the equation above, we can get

2
Y—t=iiz(X—S):>ta2(y—t)=sb2(x—s):tya2—tzaz:sxbz—szb2
a
tya’ t’a? sx ty s% t2
:>sxb2—tya2:szbz—t2a2:>sx—y_2232_ - :_2__322_2__2.
b b a- b a° b

And we know that the hyperbola H passes through the point (s, t), and H is

2 2

Xy
a? b
2 2
¢t .. oosx
So we get ———=1,and thus, the tangent line is —2——{:1.
a“ b a“ b

2 2
So for instance, finding the line tangent to%—% =1lat (4, % ), we get

4_)2(_@ :4—)(—ﬂ =1, which is the tangent line.
3 3.2 9 6

And of course, we can put it this way, too: 8x —3\/7y -18=0.

What if we are given the slope of the tangent line and are asked to find the tangent line?

Assuming the slope given is m, we can assume that the tangent line isy = mx + n.
Then, finding n, we get the line tangent to the hyperbola.

Finding n, we just solve b? + n?> —a’m? = 0 for n. And we get the equation taking the
discriminant of x?/a® — (mx + n)%/b? = 1, which is b®x* — a®(mx + n)? = a’b®.

So solving it for n, we get n =++/a’m?—b®. And thus, we get two tangent lines.



One isy = mx ++/a’m? —b?, and the other is y = mx—va’m? —b?.

Fig. 0 N

>*<

So for instance, finding the lines that have a slope of 2, and are tangentto ———=-

we get y = 2x++/3%2% — 22, So we get two tangent lines.

Oneisy = 2x +4+/2, and the other is y = 2X —4.2.

What if this time, we want to find the line tangent to an hyperbola
X —u)? —v)?
( = i (ybz )

=1lat a point (s, t)?

2 2

y

Translating the hyperbola X—Z—F =1in the amount of u along the x-axis, and in the
a

_ 2 )2
amount of v along the y-axis, we get the hyperbola (x azU) - (ybzv) =1.

So finding the line tangent to

— 2 —_ 2
(X 2u) _(beV) =1at the point (s, t), we find first the
a

2 2

y

line tangent to = 2 =lat(s—u,t—v). Then, we get
a

(s-wx _(t-v)y ,
2 b2 !
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Next, translating the line above in the amount of u along the x-axis, and in the amount of
(x=u)’* (y-v)’
a2

v along the y-axis, we get the line tangent to - 1at the point (s, t).

Then, we get (5= u)(zx —u) —vf)(zy—v) =1, which is the line tangent to
—11)? Y

(xazu) _(ybzv) =1at the point (s, t).
Fig. 1

>*<

a

/

_1)2 _ 2
So for instance, finding the line tangent to (X321) _(y222) =1lat (-1,¥+2),We can

2 2
get first, the line tangent to ;--% =lat(-1- 1,¥+ 2—2), that s, (-2,%).

2

27

Then, the line is _322X+ 322y=1.




Next, translating the line above in the amount of 1 along the x-axis, and in the amount of

_1)2 _ 2
2 along the y-axis, we get the line tangent to (X321) + (y 222) =1lat (-1, ¥+ 2).

=1, which is =1,which is

Then, the line is

—2(x-1) H(y-2) —2(x-1) N7(y-2)
2 2 9 6

2 2
(X;ZI) _=2 gy (-1,22 +2).

the line tangent to 52

And of course, we can put the line the way below, too.

—2(x-1) 7(y-2)

5 =1 = -4(x-1)-3JT(y-2) =18 = 4x+3/7y+14-6+7 =0.

And the same is true, too, for the tangent line with the slope given.

(x-u)’ (y-v)°

So the lines that are tangent to T =1, and have a slope of m are as
a

follows. y — v = m(x — u) +v/a’m?® —b”.
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Suggestions or Solutions
To the Problem in the Example 1

Suppose P is a point in an hyperbola, A and B are the foci, and T is a line tangent to
the hyperbola at P. Suppose also, m and n are two acute angles, m is an angle
between PA and T, and n is an angle between PB and T. Then, show that m = n.

For simplicity, let’s use a horizontal hyperbola centered at the origin.

And suppose that the hyperbola is H, and the equation is x*/a® — y°/b* = 1.

Then, a is half the transverse axis, b is half the conjugate axis, and we get ¢? = a® + b?
where c is the focal distance.

And putting now, the problem description in a graph, we can put it the way below.

Fig. 0

Next, we have a fact that a line tangent to an ellipse also bisects the angle made by line
segments connecting the foci and a point in the ellipse. It is covered in the example 4 in

Examples 5 in Ellipses.
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So let’s put in a graph, along with the hyperbola H, an ellipse that has the same foci as
the foci H has, and also, passes through the point P, too. If an ellipse and a hyperbola
have the same foci, the are said to be confocal.

Suppose the ellipse is E, and the equation is x*/w? + y*/z* = 1.

Then, w is the major radius, z is the minor radius, and we get c* = w? — 22 where ¢ is the
focal distance, which is the same as the focal distance of H. And putting in the graph,
the ellipse, together with some other line and points, we can put them the way below.

Fig. 1

Then, R is a line tangent to the ellipse E at P, and the line R is perpendicular to the line
T. And we will get to see how it is the case shortly.

What does R though, have to do with the fact that T bisects the angle APB?
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First, R bisects the angle BPG, so the angle BPL is the same as the angle GPL.

Next, R is perpendicular to T, the angle QPL and the angle DPL are both 90°.
So the angle QPB is the same as the angle DPG.

Next, the angle APQ and the angle DPG are opposite angles, so both are the same.
So the angle APQ is the same as the angle BPQ.

Therefore, the tangent line T bisects the angle APB.
So showing that R is perpendicular to T, we show that the two angles m and n are equal.

To begin with, we have a fact that if one line is perpendicular to another, the product of
the slopes of the two lines is —1.
So showing that the product of the slopes of R and T is -1, we show m = n.

Suppose first, P is at (s, t).

2
Then, since the hyperbola H is x*/a? — y*/b> = 1, the tangent line Tisy —t = fiz(x —s),
a

2
found in the example 0 above. So the slope of T is i—z
a
. . . SX ty
And of course, we can put the line T this way, too: 2 1 =1.
a
Next, the ellipse E is x3/w? + y4/z% = 1.

And we know that the line R is tangent to E at P(s, t), too.
2
SothelineRisy—-t= —tsiz(x—s), found in the example 2 in Examples 4 in
w

2

Ellipses. So theslope of Ris :L
W

2

. . X t
And of course, we can put the line R this way, too: S—2+—); =1
we oz

2 2 2
Thus, the product of the slopes of Rand T is — 522 . sz = _( bsz j .
tw® ta atw
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And H and E both pass through P(s, t). So we get s*/a — t*/b? = 1 and s?/w? + t¥z* = 1.
And setting next, u = s> and v = t*, we get
sa?—t*b?*=1=ula®-v/b’=1=ub’-va’=a’h’....... (1)

W+ 2= 1= uW + Vi =1 = u +wi= w2 .. (2)

Let’ first, eliminate v. Then, multiplying (1) by w?, and multiplying (2) by a?, we get
w2(ub? — va?) = w4(@’h?) = ub’w? — va?w? = a’h?w? ........ (3)

a’(uz? + w?) = a’ (W% = ua’? +vaw? = wiz%a? ......... (4)

And next, taking (3) + (4), we get
ub®w? + ua’z? = u(b®w? + a’z%) = a’b’w? + w?z%a’.

, a’b’w?+w?z%?
Sowegetu=s8"=——5————.
b*w* +a“z

Next, to eliminate u, multiplying (1) by 2, and multiplying (2) by b? we get
ub? - va® = a’h? = 7%(ub® - va®) = 2a’h® = ub’? —va’z* = %a%’® ........ (5)
uz? + v’ = w?z? = b3(uz? + vw?) = b2w?z* = ub?z® + vb*w? = bwz% ...... (6)
Subtracting (5) from (6) above, we get

vb?W? + va?z? = v(b*w? + a’z%) = bw?z% - %a’h’.

b*w?z? — z%a’b?
Sowegetv=t =———————
b*w” +a“z
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Then, weget Y=S — ¢ 1 a’h’w’+w?z’a®  b’w’+a’z’?  a’h’w’+w’z’a’
’ v ot t* bw’+a’z’  b*w?z’-z%a’h’  b*w?z’-z%a’h’’

s  a’b’*w? +w?z%a?

Soweget —= .
t*  b°w’z® -z%a’b?
2
T ¢ [bsz) _ s? b’z a’’w’+w’z’a® bz’ b’z*(a’h’w’ +w’z’a’)
us, we ge T2 o202 W2un1292  o2.212  p20002 a2 2 (20202 22,242
atw t° a‘w®  b°wz°-zah® a‘w® a‘w (b‘w°z°-z‘a‘h?)

_bPRatwi(b®+z%)  bP+7°
a’wib’z’(w?—a?) wi-a?’

So the product of the two slopes is —(b_j =—
atw

Next, we have

c? = a” + b? = b? = ¢* - @’ in the case of the ellipse.

c? =w? - 722 = 72 = w? - c? in the case of the hyperbola.

Sowegeth®+z2=c’-a’+w —-c’=w?-a%

w2 _ a2 W2 — a2

-1.

2
bsz)" b*+z2 w’-a’
atw

And thus, the product is —(

So we can now say that R is perpendicular to T, and consequently, we get m = n.

By the way, the two lines R and T are called normal lines.

A normal line is a line perpendicular to a surface or a curve, is defined at a point in the
surface or curve, and is in particular, said to be normal to the surface or the curve at the
point.

So R is said to be normal to the hyperbola H at P(s, t), and T is normal to the ellipse E at
P(s, t).



14

And let’s now get back to the physical property of a hyperbola.

In the figure below, T is a line bisecting the angle APB, so the angle APQ is the same as
the angle FPD.

And in fact, all the four angles, ZAPQ, £LQPB, £ZFPD, and ZGPD are all the same.

Therefore, if a ray emits from the focus A, and contacts P, it is reflected as if it came
from the focus B. That is, it gets to proceed in the direction of PF.

And if a ray emits from the focus B, and contacts P, it is reflected as if it came from the
focus A. That is, it gets to proceed in the direction of PG.




