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Examples in Symmetry about a line 4

0. Assuming R: (x, y)— (y, x), find the transformation of each f below by R.
00. y=f(x)=2-+x+1for-1<x<3.

01 y=f(x)=(x-2%+1forl<x<4.

0.2. f(x,y)=(x=2°%+(y-1)>-2=0.

1. Assumingy=f(X) = (x+1)(x-1)(x=2) forx>-1,y=w(X) = (x + 1)(x = 1)(Xx - 2)
for x> 2, and R: (x, y) —» (Y, X), find g = Ref, and h = Rew.



Suggestions or Solutions
To the Problem 0 in the Example 0

Assuming R: (X, y) —» (y, X), and y = f(x) =2 -/ x+1for -1 < x < 3, find Ref.

Assuming first, (s, t) is the new arbitrary point, we can set (s, t) = (y, X).
Then, we getx =t,andy =s.

Sonext,we gety =f(x) =>s=f(t) =2 -Jt+1=>s=2-t+1

= Jt+l=2-s=>t+1=(2-s)’=>t=(s-2)*-1.

Andwe havey =s,andy=2—-+/x+1for-1<x<3. Sowe get
1<x<3=30<x+1<4=30<J/Xx+1<2=-2<—-Jx+1<0
=0<2-Jx+1<2=0<y<2=0<s5<2.

So assuming g is the new function Ref, we gety = g(x) = (x — 2)*— 1 for 0 < x < 2.
That is, we get Ref = (x —2)> =1 for 0 < x < 2.

And in the original function f, the y-value keeps decreasing as the x-value keeps
increasing from -1 to 3, and thus, f is one-to-one.
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Suggestions or Solutions
To the Problem 1 in the Example 0

Assuming R: (X, y) — (y, ), and y = f(x) = (x — 2)* + 1 for 1 < x <4, find Ref.

Assuming first, g is the new function Ref, and (s, t) is the new point, we can set
(s, 1) = (y, X). Then, we gety = f(x) => s =f(t) = (t - 2)* + 1 => s = (t—2)* + 1.

Next, 1SXx<4=-1<x-2<2=0<(x-2°<4=>1<(x-2)*+1<5=1<y<5
= 1<s<5 Andnext,1<x<4=1<t<L4.
So the new equation is x = (y —2)?+ 1 for 1 <x <5,and 1<y < 4.

And next, getting the new function g, we get first,

X=(y-2P+1=>x-1=(y-2)°=>y-2=4J/x-1=>y=4Jx-1+2.

Then, first, 1 <X<5=0<Xx-1<4=0<VX-1<232<x-1+2<4=32<y<4.
Sowegety=+x—-1+2for1<x<5.

And next,0</x-1<2=-2<-x-1<0=0<2-/x-1<2=0<y<2
We have this though: 1<y<4. Sowegetl<y<?2.

Then first, we get2:2—m:x: 1.
And next, we get 1 =2 —Jx-1=/x-1=1=>x-1=1=>x=2.
Thus,wegety:m+2forlsx32.

Jx—-1+2for1< x<5.

So the new function g is y = g(x) =
2—Vx=1for1<x<2.

If not quite sure of the processes above, follow the steps below.

Assuming first, g is the new function Ref, and (s, t) is the new point, we can set
(s, t) = (y, X). That is, we get x =t, and y = s.

So next, we gety = f(x) =>s=f() = (t-2)°+ 1 =>s= (t—2)* + 1.

And next, we want to get the new domain and range.



To begin with, we havey = s, andy = (x—2)?+ 1 for 1< x< 4. So we get

1<Xx<4=-1<x-2<2=0<(x-2)?< 4, because the value of (x — 2)? is minimum
when x = 2, and the minimum is 0.

Sowegetl1<(x-2)°+1<5=1<y<5=>1<s<5 sincey=s.
And next, we have x =t, and we know 1 < x<4.Sowe get 1 <t <4,

So the new equation is x = (y — 2)? + 1 for 1 <x < 5, and 1 <y < 4, which indicates the
curve of g.

And expressing y in terms of X, we want to solve for y the new equation above.
Then, we get the new function g.  So solving it, we get

X=(y-2P2+1=>x-1=(y-2P=>y-2=4/x-1=>y=+Jx-1+2.

Then, we have two cases. One isy =+/Xx -1+ 2, and the otherisy =2 —+/x—1.
So we need to determine the extent of x in each so that each behaves within 1 < x <5,
and1<y<4.

Beginning withy =+/x -1+ 2, we get
1<Xx<5=20<Xx-1<4=0<5Vx-1<2=2<UXx-1+2<4=2<y<4 whichis
OK, since we have 1<y<4. Thus,wegety=+/x-1+2forl<x<5.

And next, moving on to y = 2 —+/x —1, since we already have0 <+/x—1 <2, we get

0<VXx=-1<2=-2<-Vx=-1<0=0<2-/x-1<2=0<y<2 whichisnot OK,
since we have 1 <y <4, which is the new range. The y-value has to be in the range.

So it has to be the case where 1 <y < 2, because it satisfiesboth0<y<2and 1<y <4,

What then, is the extent of x, that is, the domain of y =2 —y/x-1for 1 <y <2?

We know that the value of (2 —~/x—1), that is, y keeps decreasing as x keeps increasing.
And we know 1 <y <2. So we can say that y keeps decreasing from 2 to 1.

And we know since we have 1 < x <5, x begins with 1, and then, increases up to 5.
And we havey =2 —+/x—1,s0 when x =1, y = 2. So we now want to find x for which

we gety = 1. So finding it, we get 1 =2 —/x—1=/x-1=1=>x-1=1=x=2.
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Thus, we gety =+/x-1+2for1<x<2.

VX=1+2for1< x<5.
2—Jx=1forl<x<2.

So the new function g isy = g(x) =

And of course, we can put it the way below, too.
y=9g(X) =+/x=1+2for1<x<5,andy=g(Xx)=2-+/x-1for1<x<2.
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How do we know though, algebracally if f is not one-to-one?

If a# Db, and f(a) = f(b), f is one-to-one.

So to begin with, we have f(a) = (a - 2)* + 1, and f(b) = (b — 2)* + 1.

Next, taking the difference, we get

fa)-f(b)= (@a-2)2+1-{(b-2)?+1}=(a-2)*-(b-2)°=(a+b-4)(a-bh).
Then first, we have a—b # 0 since a # b.

Andwe have 1<a<4,and 1<b <4, because 1 <x<4.

Soweget2<a+b<8, andthus,weget-2<a+b-4<4.

Sowe cangeta+b—-4=0 forsomeaand b even if a=b.

And thus, we can get (s — t)(s? + st + t) = 0 = f(a) — f(b) = 0 = f(a) = f(b). So f is not
one-to-one.



Suggestions or Solutions
To the Problem 2 in the Example 0

Assuming R: (X, y) — (y, x), and f(x, y) = (x = 2)* + (y = 1) = 2 = 0, find Ref.

Assuming first, g is the new equation, and (Xg, Yg) is the new point, and (Xs, ys) is the
original point, we can set (Xq, Yg) = (Y, Xf). Then, we get X = yg, and ys = Xg.

So next, we get f(x, y) = 0 = f(xr, yr) = 0 = f(yg, Xg) = (Yg — 2)* + (Xg— 1)* -2 = 0.
And thus, the new equation g is g(x, y) = (x = 1) + (y - 2)* -2 = 0.

The transformation R we apply here is the transformation symmetric about the line y = x.
So the new curve we get is the curve symmetric to the original curve about the liney = x.
In this example the curve we apply the symmetric transformation R to is a circle, where

the center is (2, 1), and the radius is V2.

Thus, f is the equation of the circle above, and assuming g is the new equation, we can
say that the two equations f and g are symmetric about the line y = x.

And since R is a symmetric transformation, the curve itself of g, that is, the new circle
itself is the same as the original circle itself. The circle g can however, have a center
different from the center of the circle f.

If a circle gets transformed symmetrically, its center gets transformed the same manner,
too. So the center of g is symmetric to the center of f about the line y = x.

And knowing the center and the radius of a circle, we can readily get the circle. That is,
using the standard form for the equation for circles, we can easily get the equation of the
circle. The equation of the circle f, that is, the original equation is given in fact, in the
standard form. So let’s first, get the new circle finding the center of the new circle.

We can get the new center applying the transformation R to the original center, that is,
the center of the circle f.  So let’s now apply R to the original center (2, 1).

To begin with, assuming (x, y) is the original point, (s, t) is the new, we get (s, t) = (y, X).
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So since the original center is (2, 1), the new center is (1, 2).

And thus, the new circle is simply (x — 1) + (y - 2)* -2 = 0.

So the new equation g can be put this way: g(x, y) = (x = 1)*+ (y - 2)* =2 = 0.

And let’s next, get the new circle using the method we used for the previous examples.

Assuming again, (s, t) is the new point, and (X, y) is the original point, we can set
(s, t) = (y, X). Thus, we get x =t, and y =s.

So next, connecting s and t, we put x =t and y = s into the original equation.

In other words, we get f(x, y) = 0 = f(t, s) = 0, which is the new equation g.
That is, we get g(x, y) = f(y, x) = 0.

And we have f(x, y) = (x—2)? + (y - 1)*-2=0.
So we get g(x, y) = f(y, X) = (y - 2)* + (x - 1)* -2 = 0.

And thus, the new equation g is g(x, y) = (x — 1) + (y - 2)* =2 =0.
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Suggestions or Solutions
To the Problem in the Example 1

Assumingy =f(x) = (x + 1)(x = 1)(x=2) for x> -1,y =w(x) = (x + 1)(x - 1)(x — 2) for
x>2,and R: (X, y) — (Y, X), find g = Ref, and h = Rew.

To begin with, R is the transformation symmetric about the line y = x, which is called
the axis of symmetry in the transformation R.

So if the original function f is one-to-one, applying R to f, we get a new function, which
is therefore, symmetric to f about the line y = x.

However, in the original function f, the y-value does not keep either decreasing or
increasing as the x-value keeps increasing from -1, and thus, f is not one-to-one.

We can show f is not one-to-one the way below, too.

Putting 1 into x, we get 0. That is, we gety =f(1)=(1+1)(1-1)(1-2) =0.

And also, putting 2 into x, we get 0, too. So for two different x-values, the same y-value
gets produced. And thus, in the function f, there are many cases where for two different
x-values, the same y-value gets produced. Why?

Suppose the y-value increases as the x-value increases beginning with 1.

Then, the y-value cannot keep increasing as the x-value changes from 1 to 2, because we
have f(1) = f(2). And thus, for some x-value between 1 and 2, the y-value has to start
decreasing. And the same is true, too, for the case where the y-value decreases as the x-
value increases beginning with 1. That is, the y-value cannot keep decreasing as the x-
value changes from 1 to 2, because we have f(1) = f(2). And thus, for some x-value
between 1 and 2, the y-value has to start increasing. So f is not one-to-one.

And producing such a proof as above, we say we produce a counter example.
So we can disprove a statement producing a counter example.
In this case, f(1) = f(2) is a counter example against the statement that f is one-to-one.

And thus, g, that is, the transformation of f by R is not a function but an equation.
And the curve of the function f and the curve of the equation g are symmetric about the
liney =x.
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In short, the original curve f and the new curve g are symmetric about the line y = x.
What then about h?

We have h = Rew, where y = w(x) = (x + 1)(x — 1)(x — 2) for x > 2.

So in the original function w, the y-value keeps increasing as the x-value keeps
increasing from 2, and thus, w is one-to-one. And we can check to see if f is one-to-one
the way below, too.

If f(a) # f(b) where a and b are constant, and a # b, f is one-to-one. Otherwise, f is not,
and thus, is many-to-one.

To begin with, simplifying w, we get
y=wXx) = (X +1D(x-1)(x=2)= (*-1)(x-2) =x>—2x* = x + 2.

Next, taking the difference, we get
fl@)—f(b)=a’-2a°-a+2-(b*-2b°-b+2)=a’-b*-2(@*-b?) - (a-bh)
=(a-b)(@®+ab+b?)-2(a+b)a-b)-(a-b)=(a—b){a’+ab+b?>-2(a+h)-1}

Then first, we know a—b # 0 since a# b.

And next, we have a®>+ab +b*-2(a+b)-1=a’+(a+h)b-2(@+b)-1
=a’+(a+b)b-2)-1.

Now, we have x > 2. So we get a > 2, and then, b > 2, since a # b.
Thus, we geta®>4,a+b>4,andb-2> 0.

So we get a’ + (a + b)(b — 2) > 4, and thus, we get a’ + (a + b)(b - 2) - 1 > 3.
So we get a + (a + b)(b — 2) — 1 # 0 anyway.

And therefore, we get f(a) — f(b) = 0, that is, f(a) # f(b). So f is one-to-one.

And thus, h, that is, the transformation of w by R is a function, the inverse of w.

Let’s now get g and h.
Beginning with g, and assuming (s, t) is the new point, we can set (s, t) = (y, X).
Then, we getx =t,andy =s.
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And a transformation, the original domain can change, too. So we want to find the new
domain, that is, the extent of s, which is the variable x in the new equation.

First, we have y = s. So the extent of s is the same as the extent of y in the original
equation. So we want to find the extent of y, that is, the original range. Finding it, we

want to do differential calculus. So doing it, we can get y > f(c) where ¢ :¥ ~1.55.

So setting k = f(c) where ¢ =27 e get s > Kk, which is the new domain.

And if we want to find the new range, that is, the extent of t, we can use x =t.
We know x > -1. So we get t > -1, which is the new range. What then, is the next?

We want to get the equation connecting s and t, that is, the new equation.
Connecting s and t, we put x =t and y = s into the original equation.

So doing the replacements, we gety = f(x) = s = f(t) = (t + 1)(t - 1)(t - 2).
And we know s is x in the new equation, and t is y in the new.

So the new equation is X = (y + 1)(y — 1)(y — 2) for x > k where k = f(c) where ¢ —M

And since g is the new, we can put it this way: g(x, y) = (y + 1)(y - 1)(y - 2) - x =0 for
x > k where k = f(c) where ¢ =27,

And next, moving on to h = Rew, where y = w(x) = (X + 1)(x — 1)(x — 2) for x > 2.
Then, the expression of the function w is the same as that of the function f.

What makes then, w different from f?
The difference is in their domains, and thus, the ranges are different, too.

Applying R to w, we get a new function. And the new function is the function h.
And the only difference between the two functions f and w is in their domains and
ranges, so the expression of h will be x = (y + 1)(y — 1)(y — 2), too.

What then, are the extents of x and y used in h?

We can begin with this: (s, t) = (y, X).

Assuming this time, for practice purposes, (Xn, Yn) is the new point, and the original
point is (Xw, Yw), We can set (Xn, Yn) = (Yw,» Xw). Then, we get X, = Yp, and Yy = Xp.
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And beginning with the new domain, we can use y, = Xn, where y,, is y in w. And thus,
the original range, that is, the range of w is the new domain, that is, the extent of x in h.

So we want to get the original range, that is, the range of w first.

Getting the range of w, we can use y =w(x) = (X + 1)(x - 1)(x - 2) for x > 2. How?

We can get it keeping track of the variables. We can see that the y-value just keeps
increasing as the x-value increases from 2.

And we knowy =w(2) =0. Sowegety=(x+1)(x-1)(x-2)=>0forx=2.

And thus, the range of wisy >0, that is, y,, > 0. And we have y,, = Xn, SO We get X, >0,
which is the new domain.

And if we want to find the new range, too, we can use Xy, = Yn, and Xy > 2.
Then, we get y, > 2, which is the new range.

And thus, the new equation isx = (y + 1)(y - 1)(y—2) forx >0, and y > 2.

What then, about the new function h, that is, how do we get the expression of h?

Finding the expression of h, we want to solve for y the new equation. We cannot
however, solve it for y, at least for now. We may be able to solve it though, using a
method often called Cardano’s formula, which is beyond high school math, though.

Though not analytic, that is, not algebraic, a tool called a numerical method can be used.
And using such a method, we normally use a computer or calculator.

And though we cannot put the function h in an expression, we can put it in a graph.

Using the fact that the curve of the new function h is symmetric about the line y = x to
the curve of the original function w, we can put the curve of h in a graph.

And then, we can get a good approximation of the y-value for each x-value in the
function h.

So graphing matters. And putting the curves in graphs, we can put them the way below.
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