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0. Find the curve we get turning the curve of the function below around a point (1, 2)
in the amount of 90°. y =f(x) = (1 -x)* + 2.

1. Find the curve we get turning the curve of the function below around the origin in
the amount of 90°. y =f(x) =31-x +2.

2. Find the curve we get turning the curve of the function below around a point (2, 1)
in the amount of 90°. y=f(x) = x*—2x + 1 for x> 1.



Suggestions or Solutions
To the Problem in the Example 0

Find the curve we get turning the curve of the function below around a point (1, 2)
in the amount of 90°. y =f(x) = (1 -x)%+ 2.

We have #=90° and (a, b) = (1, 2). So we get cos 90° = 0, sin 90° = 1, and thus,
(x—a)cos@- (y—b)sin@d+a=y-1,and (x—a)sin@+ (y — b)cosd+b =x + 1.

So assuming (s, t) is the arbitrary point in the new curve, wegets=y—-1,andt=x+ 1.
Then,wegetx=t-1,andy=s+ 1.

Sowegety=f(x) =>s+1=ft-1)=>x+1=fly-1)={1-(y-1)¥+2
=@2-y)P+2=>x+1=(2-y)*+2=x=(2-y)®+ 1, which is the new curve.

If not sure of the idea behind the solution above, follow the steps below.

Assuming first, R is a transformation where the axis of turning is a point (a, b), and the
amount of turning is an angle 6, and (s, t) is the arbitrary point in the new curve, we can
put R the way below.

R: (X, y)—» (s, 1) = {(x —a)cos@- (y — b)sin@+ a, (x — a)sin@+ (y — b)cosé + b}.
And in this example, we have 8= 90° and (a, b) = (1, 2).

So we get cos 90° = 0, and sin 90° = 1. Thus, we get

(x—a)cosf- (y-b)sind+a=(x-1)-0-(y-2)1+1=y-2+1=y-1 and
(x—-a)sin@+ (y—b)cosf+b=(x-1)1+(y-2)0+2=x-1+2=x+1

So in this example, assuming the transformation is T, we can define it the way below.
T:(Xy)—» 6, t)=(y-1,x+1).

And (y — 1, x + 1) is the new arbitrary point, so we set (s, t) = (y — 1, x + 1), and it shows
how every point in the original curve gets changed, that is, how every point in the new
curve gets made. How then, can we get the new equation?
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Getting the equation connecting s and t, we get the new equation. We can get it mixing
(s, t) into y = f(x). And we can get them mixed using the setting above.

And using it, we get first, a system of two equations from it, and solve the system for x
and y, and then, put the solution into the original equation y = f(x). Then, we get the
mixture, which is the connective equation between s and t.

So using it now, we want to solve first for x and y the system of two equations below.
s=y-l,andt=x+ 1.

And solving the system, we getx =t—1,andy =s + 1.

We can now thus, mix the new arbitrary point into the original curve, that is, we can mix
(s, t) into y = f(x). And getting the mixture, we putx =t—1andy =s+ 1l intoy = f(x).

So doing the substitutions, we gety = f(xX) = s + 1 = f(t — 1), which is the equation
connecting s and t. And we know s is X in the new equation, and t is y in the new.

So replacing s with x, and t with y, we get x + 1 = f(y — 1), which is the new equation.

And we have y = f(x) = (1 - x)* + 2. So we get
Xx+1=f(y-1)={l-(y-DF+2=Q2-y)’ +2=>x+1=(2-y)*+2

= x = (2 —y)® + 1, which is the new equation, that is, the new curve.

And assuming g is the new equation, we can put it this way:
gix, y) =x-(y-2°-1=0.

And solving it for y, we can get the new function, the curve of which is the new curve
above. So solving it, we get

X=(y-2P2+1=>x-1=(y-2P =>y-2=(x-1)P=Yx-1=>y=Yx-1+2.

So assuming g is the new function, we can put it the way below.

y=g(x) =¥x-1+2.

And thus, we can express the new curve this way, too: y =3/X—1+ 2,

And putting the two curves of f and g in a graph, we get
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g = Tef, where T: (X, y) — (5, ) = (y— 1, x + 1), and y = f(x) = (1 - x)® + 2.
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Suggestions or Solutions
To the Problem in the Example 1

Find the curve we get turning the curve of the function below around the origin in
the amount of 90°. y=f(x) =%1-x +2.

We have 8= 90° and (a, b) = (0, 0). So we get cos 90° = 0, sin 90° = 1, and thus,
(x —a)cos@- (y — b)sin@+a=-y,and (x —a)sin@+ (y — b)cos@+ b = x.

So assuming (s, t) is the arbitrary point in the new curve, we get s = -y, and t = x.
Then, we getx =t,andy = -s.

Sowegety=f(x) = -s=ft) => x=f(y) =3/l-y+2=3y-1=x+2
=y-1=(x+2)°>=y=(x+2)>+1, which is the new curve.

If not sure of the idea behind the solution above, follow the steps below.

Assuming first, R is a transformation where the axis of turning is a point (a, b), and the
amount of turning is an angle &, and (s, t) is the arbitrary point in the new curve, we can
put R the way below.

R: (X, y)—» (s, t) ={(x —a)cos@— (y — b)sin@+ a, (x — a)sin@+ (y — b)cosd + b}.
And in this example, we have 8= 90°, and (a, b) = (0, 0).

So we get cos 90° = 0, and sin 90° = 1. Thus, we get

(x—a)cos@- (y —b)sind+a=(x-0)-0-(y-0)-1+0=-y, and

(x—a)sin@+ (y—b)cos@+b=(x-0)1+(y-0)-0+0=x.

So in this example, assuming the transformation is T, we can define it the way below.
T: (X, y) —» (5, 1) = (-, X).

And (-y, X) is the new arbitrary point, so we set (s, t) = (-y, X), and it shows the
mechanism where every point in the original curve gets changed, that is, the mechanism
where every point in the new curve gets made. How then, can we get the new equation?



Getting the equation connecting s and t, we get the new equation. We can get it mixing
(s, t) into y = f(x). And we can get them mixed using the setting above.

And using it, we get first, a system of two equations from it, and solve the system for x
and y, and then, put the solution into the original equation y = f(x). Then, we get the

mixture, which is the connective equation between s and t.

So using it now, we want to solve first for x and y the system of two equations below.
s=-y,andt=x.

And solving the system, we get x =t, and y = -s.

We can now thus, mix the new arbitrary point into the original curve, that is, we can mix
(s, t) into y = f(x). And getting the mixture, we put x =tand y = -s into y = f(x).

So doing the substitutions, we get y = f(x) = -s = f(t), which is the equation connecting s
and t. And we know s is x in the new equation, and t is y in the new.

So replacing s with x, and t with y, we get -x = f(y), which is the new equation.
And we havey =f(x) =31-x +2. So we get
y=f(x)=>-s=ft) > x=f(y) =3/l-y+2=>3y-1=x+2

=y-1=(x+2)°=y=(x+2)*+1, which is the new equation, that is, the new curve.

And assuming g is the new equation, we can put it this way.
gix,y)=-y+(x+2)7°+1=0.
And also, assuming g is the new function, we can put it the way below.

y=9()=(x+2)°+1

And putting the two curves of f and g in a graph, we get
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g = Tef, where T: (X, y) —» (s, 1) = (-y, X), and y = f(x) =31 - x + 2.



Suggestions or Solutions
To the Problem in the Example 2

Find the curve we get turning the curve of the function below around a point (2, 1)
in the amount of 90°. y=f(x) = x*—2x + 1 for x> 1.

We have = 90° and (a, b) = (2, 1). So we get cos 90° = 0, sin 90° = 1, and thus,
(x—a)cos@- (y —b)sin@+a=3-y,and (x—a)sind+ (y — b)cos@+ b =x-1.
So assuming (s, t) is the arbitrary point in the new curve, we gets =3 -y, andt =x - 1.

Next, wegetx>1=y=x’-2x+1=(x-1*>0=>y>0=>-y<0=>3-y<3
=5<3. Andalso,wegetx>1=>x-1>0=t>0.

And next, wecangetx=t+1,andy=3-s. So we get
y=f(x)=>3-s=f(t+1)=>3-x=fly+1) = (y+1)°-2(y+ 1) +1=y* =3 -x =y~

So the new curve is 3—x = y* for x <3 and y > 0.
If not sure of the idea behind the solution above, follow the steps below.

Assuming first, R is a transformation where the axis of turning is a point (a, b), and the
amount of turning is an angle &, and (s, t) is the arbitrary point in the new curve, we can
put R the way below.

R: (X, y)—» (s, t) = {(x —a)cos@- (y — b)sin@+ a, (x —a)sin@+ (y — b)cosd + b}.
And in this example, we have 8= 90° and (a, b) = (2, 1).

So we get cos 90° = 0, and sin 90° = 1. Thus, we get

(x—a)cos@- (y—b)sinf+a=(x-2)-0-(y-1)1+2=-y+1+2=3-y,and
(x—a)sin@+ (y-b)cosf+b=(x-2)1+(y-1)0+1=x-2+1=x-1.

So in this example, assuming the transformation is T, we can define it the way below.

T:(X,y)—» (5, ) =B -y, x=-1).
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And (3 -y, x—1) is the new arbitrary point, so we set (s, t) = (3—-y, X — 1). And it shows
the mechanism where every point in the original curve gets changed, that is, the
mechanism where every point in the new curve gets made. And getting the new equation,
we want to get the equation connecting s and t. We can get it mixing (s, t) into y = f(x),
and can get them mixed using the setting above.

And using it, we get first, a system of two equations from it, and solve the system for x
and y, and then, put the solution into the original equation y = f(x). Then, we get the
mixture, which is the connective equation between s and t.

So using it now, we want to solve first for x and y the system of two equations below.
s=3-y,andt=x-1.

And solving the system, we getx =t+ 1,andy =3 -s.

We can now therefore, mix (s, t) into y = f(x). And getting the mixture, we putx =t +1
and y = 3 —s into y = f(x). Before doing the substitutions though, we want to get the new
domain and range, because the original equation has a finite domain.

Finding the new domain, we want to begin with the original domain, which is x > 1.
Then,wegetx>1=y=x*-2x+1=(x-1)?20=>y>0=>-y<0=>3-y<3

= 5§ < 3, which is the new domain, since s is x in the new equation.

And next, finding the new range, we can get it using t = x — 1, because t is y in the new
equation. So finding the new range now, we getx>1 = x—-1>0 =t >0, which is the
new range.

So doing now the substitutions, we gety = f(x) =>3-s=1f(t+ 1) fors<3andt>0,
which is the equation connecting s and t, and thus, is the new equation. And we know s
is X in the new equation, and t is y in the new.

So replacing s with x, and t with y, we get 3—x =f(y + 1) forx <3 and y > 0, which is
the new equation. And we have y = f(x) = x> - 2x + 1 = (x — 1)2.

Soweget3—-x=f(y+1)={(y+1)-1}*=y* = x=3-y?*forx<3andy >0, which is
the new equation, that is, the new curve.
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And assuming g is the new equation, we can put it the way below.
g(x,y)=x+y*-3=0forx<3andy=>0.

And solving it for y, we can get the new function, the curve of which is, of course, the
new curve above. So solving it, we get x +y*=3=0=3-x=y?* =y =++/3- X.

And we know y > 0. So we gety = g(x) =+3—x for x < 3.

And thus, we can express the new curve this way, too: y =+/3— x for x < 3.

And putting the two curves of f and g in a graph, we get

Fig. 0
g A
T y=4
90/0/// K,/
- 3 y=1
¥ A /
//' J V\..‘\§ //
g- | - f ¥
6 5 4 3 2 10 1273 4 >

g = Tef, where T: (X, y) —» (5, 1) = (3—-y, x—1),and y = f(x) = x* = 2x + 1 for x > 1.



