Examples in Parametric Transformations

Copyright © 2018 by Seong Ryeol Kim. All rights reserved

Click this to start.



Examples in Parametric Transformations

Examples in Parametric Transformations

Assume that each curve stated below is in the x-y plane.
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Find the curve produced by the parametric transformation below.
t—» (Bt+ 1,20 +t+1).
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Find the curve produced by the parametric transformation below.
t —» (34,97
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Find the curve produced by the parametric transformation below.
t — {f(t), g()}, where x = f(t) =t + 1, and y = g(t) = £xt#2,
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Find the curve produced by the parametric transformation below.
:t — {f(t), g(t)}, where x = f(t) =—-, and y = g(t) = 42
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4. Find the curve produced by the parametric transformation below.
P:t —» (cost, sint).



Suggestions or Solutions
To the Problem in the Example 0

Find the curve produced by the parametric transformation below.
Pit —» (3t+1,20 +t+1).

To begin with, (3t + 1, 2t + t + 1) is the new point in P, and thus, is no other than the
arbitrary point in the curve we want to get.

And the curve is in the x-y plane. So the arbitrary point in the curve is (x, y). And thus,
putting the transformation P more specifically, we can put it the way as follows.

Pit — (X, y)=(Bt+1, 288 +t+1).

Thus, we getx =3t+1,andy =28 + t + 1.

So we can say that parameterizing x and y using t as the parameter, we get

x=3t+1,andy = 2t* + t + 1, each of which has its curve.

And thus, the x-value changes as the t-value changes, and so does the y-value.
And doing the transformation P, we can get an equation where the y-value changes as
the x-value changes, that is, we can get the connective equation between x and y.

And doing a parametric transformation, we can say that we mix one curve into the other.
We mix the curve of x = 3t + 1 into that of y = 2t° + t + 1.

And we can get the mixture by means of the parameter t, that is, using t as the medium.
And getting the mixture, we get the two variables x and y connected.

That is, we get the expression connecting x and y.

So getting the connective expression, we can get first, x =3t+ 1 =t = (x — 1)/3.
Thus next, we can get

y=28+t+1=2(x 1)+ (x-1)/3+1=2(x*-2x + 1)/3 + (x - 1)/3+ 1

= 2?19 — 4x/9 + 2/9 + x/3 — 1/3 + 1 = 2x°/9 — x/9 + 8/9.
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So we get y = 2x%/9 — x/9 + 8/9, which is a parabola, and is the curve we wanted to get.

And in the calculation process above, we have y = 2(x — 1)%/3? + (x - 1)/3 + 1.

So we can notice that moving 1 to the left hand side, we can get

y—1=2(x=1)%9 + (x — 1)/3, which is the curve we can get moving the curve below in
the amount of 1 along the x-axis, and also, in the amount of 1 along the y-axis.

y = 2x%/9 + x/3.
In short:

The curve is in the x-y plane. So we can set (x, y) = (3t + 1, 2t* + t + 1).

Thus, we get x = 3t + 1, and y = 2t* + t + 1. So next, connecting x and y, we can get first,
x =3t+1=t=(x-1)/3. Thus next, we can get

y=28+t+1=2(x - 1)+ (x-1)/B+1=2(x*-2x + 1)/3 + (x - 1)/3+ 1
= 2219 — 4x/9 + 2/9 + x/3 — 1/3 + 1 = 2x?/9 — /9 + 8/9.

So we get y = 2x4/9 — x/9 + 8/9, which is the curve.

y = g(x) = 2x*/9 — x/9 + 8/9
y = f(x) = 2x%/9 + x/3
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Suggestions or Solutions
To the Problem in the Example 1

Find the curve produced by the parametric transformation below.
P:t — (3%, 9.

To begin with, (3%, 9'") is the new point in P, and thus, is no other than the arbitrary
point in the curve, that is, the new arbitrary point. And the curve is in the x-y plane. So
putting the transformation P more specifically, we can put it the way below.

P:t — (x,y) = (3", 9" 1. And thus, we get x = 3" and y = 9" *.

And we can connect the two variables x and y by means of the parameter t, which is
however, is in the exponent. How then, can we solve x = 3" for t?

Exponents are no other than logarithms, called logs, for short.
And using the definition for logs, we can get the solution.

The definition isy = a* <> x = logay where y > 0, x is real, a> 0, and a # 1.

So using the definition above, we can get first, x =3'= -t = logsx =t = logs<.

And next, we gety =9 "' = t-1=logey = 1logsy = t = Llogsy + 1 = Iog33\/§.

Thus, we get logs1 = logs3\/y = £ =3,y = y =L,

So the curve we had to getis y = > for x = 0, isn’t it?
Not really. We have x =3".  So we get x > 0, because 3" > 0 for t real.

And thus, the curve isy = gLfor x > 0. And we can get the curve the way below, too.

XZ
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We have x = 3", and y = 9'"*. And we can notice that 3' is a factor common in x and y.
We can get x =3 = (3" So we get 3' = 1/x.
And next, we can gety = 9" = 99 = (3%)Y9 = (3"%/9.

Thus, we gety = for x > 0.

XZ

In short:
To begin with, we get x = 3", and y = 9' . And next, by the definition for logs, we get

x=3"=-t=logsx=>t=logsL,andy=9"""=t-1=logey = t=Llogsy + 1

= Iogg3\/§:> logs+= |0933\/§:>%= 3\/§:> y =#-
And we have x > 0 since 3* > 0.

Thus, the curve isy = gLfor x> 0.

X2



Suggestions or Solutions
To the Problem in the Example 2

Find the curve produced by the parametric transformation below.
P:t — {f(t), g()}, where x =f(t) = t? + 1, and y = g(t) = 22

9-t?

Doing the transformation P, we get the expression connecting x and y by means of the
parameter t. And the connective expression is the equation of the curve. So expressing t
in terms of x, and then, putting the t into g, we can get the curve.

Looking at closely however, both equations f and g, we can notice that both have t°.
And also, we can notice that 9 — % # 0 = t = %3,

So setting s = %, we get s > 0, and s = 9, and can put both equations the way below.
x=s+1andy=2fors=9. Andwe want to note that x > 1, and x = 10.

Thus next, connecting x and y, and beginning with x =s + 1, we get

— P52 _ (XDH( D2 xPooxadex—142 _ XP—x42

X=stl=s=x-1= 9-s o (x1) 9-x+1 0-x °

So the curve we want is y = £=%2 for x > 1, and x # 10.

And of course, we can put it this way, too: y = %2 for 1 < x < 10, or x > 10.

In short:

To begin with, setting s = t%, we get s >0, and s # 9, and can put both equations the way
as follows. x =s + 1, and y = <22 for s # 9. So we get x > 1, and x = 10.

And next, connecting x and y, and beginning with x =s + 1, we get

4542 _ (X=12+(X=1)+2 _ x2_px4lex—1+2 — x*=x+2

2
X=stl=os=x-1ly=sE="—rr—= 0-x

9-x+1

And thus, the curve is y = X2 for x > 1, and x = 10.
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Suggestions or Solutions
To the Problem in the Example 3

Find the curve produced by the parametric transformation below.

t+1

As in the previous example, doing the transformation P, we get the expression
connecting x and y by means of the parameter t. And the connective expression is the
equation of the curve. So expressing t in terms of x, and then, putting the t into g, we can
get the curve.

This time, too, however, looking at closely both equations f and g, we can notice that
both have 2.

And thus, setting s = t2, we get s > 0, and can put both equations the way below.

X=25,andy = =2fors>0.

s+l?

<1=>0<x<1.

Sl_

And getting the extent of x, we gets>0=>s+1>1=0<L

Thus next, connecting x and y, and beginning with x = 2+, we get
1= =11 —s2 _ 32 8 1_x3x—1 3
X—m2>3+ :>S—;— jy—m—%_l_ﬂ—% = %— — X,

And thus, the curve we wantisy =1-3xfor0 <x<1.

In short:

To begin with, setting s = t?, we get X = andy = =2fors>0.

s+l !

<1=>0<x<1l.

Sl_

And next, getting the extent of x, we gets>0=>s+1>1=0<-t-

So next, connecting x and y, and begmnmg with x = 25, we get

112 13 1=
=4 s+l=Is=1-1oy=%2= —=—1-=1-3x

1 1
s+l s+l 7-1+1 1 1

And thus, the curveisy=1-3xfor0<x<1.



Suggestions or Solutions
To the Problem in the Example 4

Find the curve produced by the parametric transformation below.
P:t —» (cost, sint).

To begin with, (cos t, sin t) is the new point in P, and thus, is no other than the arbitrary
point in the curve we want to get.

And the curve is in the x-y plane. So the arbitrary point in the curve is (x, y). And thus,
putting the transformation P more specifically, we can put it the way as follows.

P:t —» (X, y) = (cost, sin t).
And thus, we get x = cos t,and y =sint. How then, can we connect x and y?
We have a tool called a trig-identity sin+ cos?@= 1.

So using the identity, we simply get x? + y* = 1, which indicates a circle, of course.
Specifically, it is a unit circle centered at the origin.

And a unit circle is a circle of radius 1. Sowe get-1<x<1,and-1<y<1.

That is, |x| £1, and |y] £ 1. And of course, we have |cos t| <1, and [sin t| < 1.

And putting x> + y* = 1 in a set of equations where x = cos t, and y = sin t, we can say
that the unit circle is parameterized.

And the set of equations is called the parametric equation of the unit circle centered at
the origin. Also, the transformation P can just be called the unit circle centered at the
origin, too. What then, about the parametric equation for circles?

We know the standard equation for circles is (x — a)* + (y — b)? = r?, where (a, b) is the
center, and |r| is the radius.

And we know sin+ cos’=1. So we get r’(sin@+ cos?€) = r°.
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Assuming therefore, r cost=x—a, and rsint=y —b, we get
r’(sin®t+ cos’ t) = (x —a)* + (y = b)* = r*.
Andwegetrcost=x—-a=x=rcost+a,andrsint=y-b=y=rsint+h.

And thus, the parametric equation for circles is a set of equations where
X=rcost+a,andy=rsint+b.

And of course, we can parameterize other geometric objects, too.
Let’s for instance, parameterize the basic curves.

Beginning with an ellipse, we can put it in an equation the way below.

2
:—§+Z—2 =1 where a and b are nonzero constants.

In equation above, if a =b # 0, we get a circle of radius of 1/a (or 1/b) centered at the
origin. And if in particular, a = b =1, we get the unit circle centered at the origin.

Now, assuming the ellipse is E, we can parameterize the ellipse E the way below.

E: t—» (acost, b sin t) where a and b are nonzero constants, and t is real.

Then first, (a cos t, b sin t) is the new point in E, so it is no other than the arbitrary point
in the ellipse E. And the ellipse is in the x-y plane. So the arbitrary point in it is (X, y).

And thus, putting the transformation E more specifically, we can put it the way below.
E:t—» (x,y)=(acost, bsint). Sowegetx=acost, andy=bsint.

How then, can we connect x and y?
We have a tool called a trig-identity where sin6+ cos?@= 1.

And we can put the two equations x = a cos t, and y = b sin t the way below.

Xx=acost=>cost=x/a,andy=bsint=y/b=sint.

So next, using the identity above, we simply get:—§+g—§ =1, which is called the Cartesian

equation of an ellipse, which is centered at the origin.
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Fig. 4.0

_y=bsint

And let’s next, move on to the equation for parabolas.

To begin with, assuming P is a parabola where the axis of symmetry is parallel to the y-
axis, Q is a parabola where the axis of symmetry is parallel to the x-axis, and a, b, and ¢
are constant, but a = 0, we can put the two parabolas the way below.

P(x,y) =ax’ +bx +c—y =0, and Q(x, y) = ay’ + by + ¢ — x = 0.

And next, parameterizing the two, we can put them the way below.
P: t— (t, at’ + bt + c), and Q: t —» (at® + bt + ¢, t), where t is real.

Then first, (t, at® + bt + c) is the new point in P, and thus, is no other than the arbitrary
point in the parabola P. And P is in the x-y plane. So the arbitrary point in it is (X, y).
And thus, putting the transformation P more specifically, we can put it the way below.

P:t — (X, y) = (t, at” + bt + ¢). And thus, we get x =t, and y = at* + bt + c.

So connecting x and y, we simply gety = ax® + bx + c.
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And next, (at® + bt + ¢, t) is the mech in Q, and thus, is no other than the arbitrary point
in the parabola Q. And Q is in the x-y plane. So the arbitrary point in it is (x, y). And
thus, putting the transformation P more specifically, we can put it the way below.

Q:t— (x,y) = (at® + bt + ¢, t). And thus, we get x = at’ + bt + ¢, and y = .

So connecting x and y, we simply get x = ay® + by + c.

Fig. 4.1 y

y=tt+1y=x2+1--—---»
X=t

X=y" +1l—y=t
¥ L x=t*+1

And let’s next, move on to the equation for hyperbolas.

To begin with, assuming H is a hyperbola where the directrix is parallel to the y-axis, we
can put it in an equation the way below.

2
2

X——g—j =1where a and b are nonzero constants. And a hyperbola has two branches.

)

So next, assuming R is the right branch of H, L is the left branch, and a and b are
nonzero constants, we can parameterize the two branches the way below.

R:t— (asect, btant) for-Z<t<Z,and L:t— (asect,btant) for Z<t< 3z,

Then first, (a sec t, b tan t) is the new point in either of R and L, and thus, is no other
than the arbitrary point in either of the two branches.
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And the hyperbola is in the x-y plane. So the arbitrary point in each is (x, y). And thus,
putting the transformations R and L more specifically, we can put them the way below.

R:t —» (X, y) = (asect, b tan t) where -n/2 <t < 7/2.
L:t —» (x,¥) = (asect, btan t) where n/2 < t < 3m/2.
And thus, we getx =asect,andy=btant.

And for the right branch R, we get -n/2 <t<m/2 =>sect>1=asect>a=x>a.

And for the left branch L, we get n/2 <t<3m/2 =>sect<-l=asect<-a = Xx<-a.

How then, can we connect x and y?
We have a tool called another trig-identity where sec’d— tan’6= 1.

And we can put the two equations x = a sec t, and y = b tan t the way below.

Xx=asect=>sect=x/a,andy=btant=y/b=tant.

So next, using the identity above, we simply get:—j—g—j =1for x > a, which is called the

Cartesian equation of the right branch of the hyperbola H, which is centered at the origin.
And also, we get:—ﬁ—g—j =1for x < -a, which is the equation of the left branch.

Fig. 4.2 y
A




Examples in Parametric Transformations 13

And let’s for another instance, take a look at a curve called a cycloid, and another curve
called a trochoid.

A cycloid is a curve traced by a point in a circle rolling along a horizontal line.

And assuming C is a cycloid, and the circle is of radius r, we can put it the way below.

C:t—»{r(t-sint), r(1 - cos t)} where r is constant.
And a cycloid looks like the one below.
Fig. 4.3

NN Y YV

And next, a trochoid is a curve traced by a point, which is fixed on a disk rolling along a
horizontal line, but is not in the circumference of the disk. And assuming T is a trochoid,
the disk is of radius r, and the point is b away from the center, we can put T the way as
follows. T: t —(rt—bsin t, r — b cos t) where r and b are constant.

And a trochoid looks like the one below.

Fig. 4.4

VYV Y

And a cycloid can be produced the way below.

Figd45 vy,

So a circular disk is rolling along the x-axis, and a cycloid begins at the origin. That is,
at the beginning, the center of the disk is in the y-axis.

Then, the length of the circular arc A is the distance the disk moved horizontally as it
rolls along the x-axis. That’s because the arc length is the product of the radius r and the
central angle t, and thus, is rt.
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Let’s first though, keep track of a point, located k units away from the center of the disk.
Then, the curve traced by the point is a trochoid.

And when the center of the disk is in the y-axis, the pointis at (0, r — k) where 0 <k <r.
So assuming the point is Q, we can say that Q is in a circle of radius k.

And of course, if k =r, Q is in the circumference of the disk.

Fig4.6 vy
A

Let’s now copy the circle of radius k in the graph above, and put the copy in a new x-y
plane. And putting the center of the circle at the origin in the new plane, we get a graph
as below.

Fig. 4.7 y
A y=K

Q(x, y) J/

Y
d - (c, d)
K
t 0

K (o T K >
y=-k

;/

The circle above is in the disk where the center is at (rt, r).
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And let’s see now how we can parameterize the trochoid the point Q makes in the
original x-y plane. That is, we want to see how we get (rt —k sin t, r — k cos t).

To begin with, the parameter is the angle t.

And next, examining the two graphs above, since the center of the disk is at (rt, r), we
can see that the coordinates of the arbitrary point Q(x, y) are x =rt+c,andy =r + d.

So next, we want to express ¢ and d in terms of the parameter t. How?

And examining first, the circle of radius k, we get ¢ = k cosé, and d = k siné.

And next, we have trig-identities as follows.
sin (a—b) = (sin a)(cos b) — (cos a)(sin b).

cos (a—b) = (cos a)(cos b) + (sin a)(sin b).

So we get

sint =sin(3£— @) = (sin2£)(cos@) — (cos2£)(siné) = -cos@=> cosf= -sin t.

cos t = cos(3£— @) = (cos3£)(cos) + (sin3£)(sind) = -sind=> sind= -cos t.

Thus, we get c = k cos@=-k sint,and d =k sin@=-k cos t.
Sowegetx=rt+c=rt—-ksint,andy=r+d=r-kcost.

And thus, the parametric equation of the trochoid traced by a point k units away from the
center of a disk of radius ris (X, y) = (rt—ksint,r—kcost) forO <k <r, and t real.

What then, about the cycloid?

We know the cycloid is the curve traced by a point located in the circumference of the
disk. And the radius of the disk is r. So for the cycloid, we want to set k =r.

Then,wegetk=r=(x,y) = (rt—ksint,r—kcost) = (rt—rsint, r—rcost).

So we get (x,y) ={r(t-sint), r(1 - cos t)}.
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