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X =X

® = \here e is Euler’s number, f (a) =1, and f (b) = 2.

eX

0. Suppose f(x) =

Then, find f(a + b) where a and b are constant.

1. Suppose that X, y, and z # 0.

Suppose also, a and b are positive integers, a* = b” = 51%, and ++ 1 =1.

Then, find the value of a + b.



Suggestions or Solutions
Problem 0

X -X

Suppose f(x) = € where e is Euler’s number, f(a)=+,and f(b) =.

e)(

Then, find f(a + b) where a and b are constant.

ea+b _ e—(a+b) ea _ e—a 1 eb _ e—b
MO0 =Gy g (@ g = I =

—b

z
=

a —-a 2a
ea e_azeza l=1:>2(e25‘—1)=e2a+1:>e25‘=3.
e"+e e +1 2

b -b 2b
eb e_b :eZb 1=%:>3(e2b_1):e2b+12>92b=2.
e’ +e e’ +

a+b

fatb)=-® —e ) 27 g%%e?®_1 2.3-1 5
e L gm0 g2@) L1 e%e® 11 2.341 7

If not quite sure of the idea behind the processes above, follow the steps below.

This example is probably not easy for those of you who are not familiar with functions.
If not much familiar with functions yet, you may want to refer to the book BASIC

FUNCTIONS.

X =X

€ —e

X +e™’

Now, we have f(x) = What number though, do we use as x?

Since no specification is given to X, x is assumed to be real.
What then is the Euler’s number e?
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It is an irrational number, and is conceptually (1 + 0)* where 0 is called an infinitesimal
which is as good as zero but not zero itself, and o is called infinity. Actually,
= 1 1 1 . .
e= Z—I = 1+§+€+ﬂ+ .., which converges to 2.718181828459045..., which is an
n=1 N:
irrational number.

It is said that about 200 years ago, Euler used his name to name the number when he was
working with the number. Who is Euler?

Leonhard Paul Euler was a Swiss mathematician and physicist, but is said to had spent
most of his life in Russia and Germany.

Next, what do we mean by f(a + b)?

It is the output for x = a + b.
Thus, plugging a + b into the expression of the function f, we get f(a + b).
In other words, replacing x in f(x) with a + b, we get f(a + b).

. ea+b _e—(a+b)
Specifically, we get f(a + b) = TrT R
e +e
e?—e? 1 e’ —e? 1
And by the same token, we get f (a) = —=—,and f(b)=—4—===. S0?
el +e? 2 e’ +e 3

Closely looking at the exponents in the expression of f, we can notice that we can put it
in terms of e?*.

We have (@™)" =a™ fora>0. Sowe gete*e* =e**=e* andee*=e**=e’=1.

So now, all we have to do is exponential algebra.



X —X

—€

To begin with, we have f (x) = € —.
+e

e

X

Multiplying both the numerator and the denominator by e* respectively, we get this:

ex_e—x_eX(ex_e—X)_e2x_1:>f(X)_eZX_l
e¥+e™* eX(e¥+e™) e +1

2(a+b) 2a+2b 2a2b

e -1 e -1 e“e”-1

Then,weget f(a+b)=—rm—=—Zm =5
e +1 e +1 e“e”+1

a -a 2a
By the same token, we get ea e_a = eza 1.1, 2(e** -1)=e* +1=e" =3,and
e+e™ e®+l 2

= ="=3e"-1)=e"+1=e" =2

e®e® -1 3.2-1 5
Thus, we get f(a+b) = = =—_,
get £ ) e 41 3.241 7

In short:

a+b —(a+b) a -a b -b
e" —e e’ —e 1 g’ —e 1
fa+b)=— f(a) = =—,and f(b) = =—,
@+b) e(®+? 4 g (a+b) @) e’ +e? 2 (®) e”+e™ 3

a —-a 2a
ea e_azeza l=1:>2(e25‘—1)=e2a+1:>e2a=3.
e"+e e +1 2

= ="3("-1)=e" +1e” =2,

f(a+b) B ea+b _e—(a+b) B e2(a+b) _1 B eZanb _1 B 2.3_1 B 5
e Lm0 g2 11 e%e® 11 2.341 7
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Suggestions or Solutions
Problem 1

Suppose that x, y, and z # 0.
Suppose also, a and b are positive integers, 8" = b’ =51°, and L+ =1.

Then, find the value of a + b.

a¥ =51’ = (a*)" = (51’)* = a* =51 = a* =51~

b’ =51° = (b’)” = (51°)" = b* =51% = b =51".

1 1
><+ 7

=0

<=

Thus, we get a’b’ = (ab)% — 51517 =51 So, we get ab = 51.

By factorization of 51, we get 51 = 3-17. And we know that a and b are positive integers.

Thus,a=3andb=17,ora=17and b=3. Therefore, a+ b =20.

If not quite sure of the idea behind the processes above, follow the steps below.

Now, to begin with, we have a* and b’ in the equation a* = b’ = 51"

Next, the exponents X, y, and z are related to each other via this equality: ++=7.

So we should be able to isolate (or extract) a and b each from the equation, and come up
with an expression in terms of a and b using the equation and the equality. How?

Modifying a* = b’ = 517, we can set up a relation between 51 and each of a and b. How?

Actually, we have two equations in the equation, a* = b’ = 51°,



One is a* = 517, and the other is b’ = 51°.
Now, we have an exponential identity where (u%)' = u®.

Therefore, we can get A = u* = A' = (U%)' = u™.

So first, using a* = 517, we can get a* =51%. How?

a* =51’ = (a*)* = (51')* = a* =51% = a’ =51".

Next, using b’ = 517, we can get b* = 517. How?

b’ =51° = (b?)” = (51)" = b” =517 = b =51".

Now, we can see these:
1 1
e In a*and b, the exponents are the same.

e In 51%and 51%, the bases are the same.

Taking the product of two powers with the same base, we get another power, where the
base is the same base, and the exponent is the sum of the two exponents.

That is, we have an exponential identity where u™u" =u™"*".

Taking a product of two powers with the same exponent, we get another power, where
the base is the product of the two bases, and the exponent is the same exponent.

That is, we have another exponential identity where u™™ = (uv)™.

Now, we have these:
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e In a*and b%, the exponents are the same.
e In 51%and 51%, the bases are the same.
Thus, we get a‘bt = 51517,

So we get (ab) =51 =517,

Therefore, we can see that ab = 51.

What then about a + b?

We know a and b both are positive integers. So?

So factorizing the number 51, we can get all the possible integers for a and b.

We have 51 = 3-17.
And we know that a and b are positive integers.

Thus,a=3andb=17,ora=17 and b = 3.

Either way, we geta + b = 20.

In short:

a* =51 = (a*)* = (51°)* = a* =51 = a* =51

b’ =51° = (b’)” = (51°)" = b* =517 = b =51".



Thus, we get a’b* = (ab)’ = 51%51" = 51"+ = 51%,

So, we get ab =51.

By factorization of 51, we get 51 = 3-17.
And we know that a and b are positive integers.
Thus,a=3andb=17,ora=17and b =3.

Therefore, a + b = 20.



