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Examples 3 on Definitions for Logarithms 

 
 
 
 
 
 
 
 
Find the value of x in each case below. 
 
 
0. 1 1

9log (
a b

x = + )  where a + b = 21 and ab = 9. 

 
 
1. 1 1

9log | |
a b

x = −  where a + b = 9 and ab = 9. 

 
 
2. 2 2

3 3
16 2 2

log ( b a
a b

x
+ +

= + ) where a + b = 6 and ab = 2. 

 
 
3. 2

(3 2 2 3 )
log ( 4 1x a

−
= − )a +  where .3 2

3 2
a +

−
=  

 
 
4.  x = log5 (a2 – ab + b2) where , and .3 2 3 2a b= − = +  

 
 

5.  Assuming ,x
x

y
y
+ = −

1 log
lo

10
g 3

find the value of (x3y – 1)(y3x – 1). 

 
 
6.  Show that log3 2 is not a rational number. 
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Suggestions or Solutions 

To the Examples 3 on Definitions for Logarithms 

 
 
The definition for logs is A = bx ⇔ x = logb A. 
 
So using the definition, we can get the solutions the way below. 
 
0. 1 1

9log (
a b

x = + ) where a + b = 21 and ab = 9. 

 
First, we can have ,1 1 a b

a b ab
++ = which is positive. 

 
And next, squaring it, we get .2 2 21 2 9 27

9 9( )a b a b ab
abab

+ + + + 3= = = =  

 
So we can get .3a b

ab
+ =  And we know .1 1 a b

a b ab
++ =  

 
Thus, we get .1 1

9lo 9g ( ) log 3
a b

x = + =  So we get .9log 3x =  

 
And by the definition, we get .9log 3 3 9xx = ⇔ =  
 
And we have , and .0.5 23 3 9 3x= x=  So we get 3 9x= ⇒ 30.5 = 32x. 
 
Thus, we get 2x = 0.5 ⇒ x = 1/4. 
 
 
In short: 
 
To begin with, we can get ,1 1 a b

a b ab
++ = and .2 2 21 2 9 27

9 9( )a b a b ab
abab

+ + + + 3= = = =  
 
So we can get .1 1

9 9 93 log ( ) log 3 log 3 3 9xa b
ab a b

x x+ = ⇒ = + = ⇒ = ⇔ =  

And thus, we get 3 9x= ⇒ 30.5 = 32x ⇒ 2x = 0.5 ⇒ x = 1/4. 
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1. 1 1
9log | |

a b
x = −  where a + b = 9 and ab = 9. 

 
First, we can have ,1 1 a b

a b ab
−− = of which we don’t know the sign. 

 
And next, squaring it, we get .2 2 9 2 9 3 1

9 9( )a b a b ab
abab

− + − −
3= = = =  

 

And we know 0a b
ab
− > if a ≠ b, of course. 

 

So we can get .1
3

a b
ab
− =  And we know .1 1 a b

a b ab
−− =  

 

Thus, we get .1 1 1
9 3log log

a b
x = − = 9  So we get .1

9 3logx =  

 

And by the definition, we get .1 1
9 3 3log 9xx = ⇔ =  

 

And we have , and .0.5
0.5 21 1 1

3 3 3
3 9x−= = = = 3 x  So we get 1

3 9x= ⇒ 3-0.5 = 32x. 

 
Thus, we get 2x = -0.5 ⇒ x = -1/4. 
 
 
In short: 
 
To begin with, we can get ,1 1 a b

a b ab
−− = and .2 2 9 2 9 3 1

9 9( )a b a b ab
abab

− + − −
3= = = =  

 

So we can get .1 1 1 1 1 1
9 9 93 3lo 3 3g log log 9xa b

ab a b
x x− = ⇒ = − = ⇒ = ⇔ =  

 

And thus, we get 1
3 9x= ⇒ 3-0.5 = 32x ⇒ 2x = -0.5 ⇒ x = -1/4. 
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2. 2 2
3 3

16 2
lo

2
g ( b a

a b
x

+ +
= + ) where a + b = 6 and ab = 2. 

 

To begin with, we can have .
2 2 3 3 3 3

2 2 2 2 2 2 2 2 2 2 2 2
3 ( 2) 3 ( 2) 3 3 6( ) 3( ) 6( )3 3

2 2 ( 2)( 2) 2( ) 4 2( ) 4
b b a a b a a b b a a bb a

a b a b a b a b a b a b
+ + + + + + + + +

+ + + + + + + + + +
+ = = =  

 
Next, we can have a2 + b2 = (a + b)2 – 2ab. 
 
So we get a2 + b2 = 62 – 2⋅2 = 32. 
 
And next, we can have a3 + b3 = (a + b)3 – 3ab(a + b). 
 
So we get a3 + b3 = 63 – 3⋅2⋅6 = 63 – 62 = 62(6 – 1) = 36⋅5 = 180. 
 

Thus, we get .
3 3

2 2 2 2 2
3( ) 6( ) 3 180 6 6 540 36 576

4 64 4 722( ) 4 2 2 32 4
8b a a b

a b a b
+ + + ⋅ + ⋅ +

+ ++ + + + ⋅ +
= = = =  

 

So we get .2 2
3 3

16 16 162 2
log ( ) log 8 log 8b a

a b
x x

+ +
= + = ⇒ =  

And by the definition, we get .16log 8 8 16xx = ⇔ =  

 
And we have 8 = 23, and 16x = 24x. 
 
Thus, we get 4x = 3 ⇒ x = 3/4. 
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3. 2
(3 2 2 3 )

log ( 4 1x a
−

= − )a +  where .3 2
3 2

a +
−

=  

 

To begin with, we can have: .
2( 3 2 )3 2 3 2 2 6

3 23 2 ( 3 2 )( 3 2 )
5 2 6a ++ + +

−− − +
= = = = +  

 
So next, we can have a2 – 4a + 1 = ( 5 2 6+ )2 – 4( 5 2 6+ ) + 1 

= 25 + 24 + 20 6 – 20 – 8 6 + 1 = 30 – 12 6 = 2(15 – 6 6 ) = 2(15 – 2 9 6⋅ ) 

= 2(9 + 6 – 2 9 6⋅ ) = 2( 9 − 6 )2 = 2( 3− 6 )2  

= .2 2 2( 2) (3 6) (3 2 12) (3 2 2 3)− = − = − 2  

 

So we get .2 2
(3 2 2 3 ) (3 2 2 3 )

log ( 4 1) log (3 2 2 3)x a a
− −

= − + = −  

And next, setting ,3 2 2 3b = − we get x = logb b2. 

And by the definition, we get x = logb b2 ⇔ b2 = bx. Thus, we get x = 2. 
 
 
 

4.  x = log5 (a2 – ab + b2) where , and .3 2 3 2a b= − = +  

 
To begin with, we can have a2 – ab + b2 = (a – b)2 + ab. 

So next, we can have a2 – ab + b2 = 2{( 3 2) ( 3 2)} ( 3 2)( 3 2)− − + + − +  

= ( 2− )2 + (3 – 2) = 4 + 1 = 5. 
 
So we get x = log5 (a2 – ab + b2) = log5 5 ⇒ x = log5 5. 
 
And by the definition, we get x = log5 5 ⇔ 5 = 5x. Thus, we get x = 1. 
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5.  Assuming ,x
x

y
y
+ = −

1 log
lo

10
g 3

find the value of (x3y – 1)(y3x – 1). 

 
Assuming first, a = logx y, we can set 1/a + a = -10/3. 
 
Next, we can solve for a the equation above the way below. 
 
1/a + a = -10/3 ⇒ 1 + a2 = -10a/3 ⇒ 3 + 3a2 = -10a ⇒ 3a2 + 10a + 3 = 0. 
 
3a2 + 10a + 3 = 3a2 + 9a + a + 3 = 3a(a + 3) + (a + 3) = (a + 3)(3a + 1) = 0. 
 
So we get a = -3 or -1/3. And we know a = logx y. 
 
So first, we can get logx y = -3 ⇒ y = x-3 by the definition for logs. 

And next, by the definition for logs again, we can get logx y = -1/3 ⇒ y = x-1/3 ⇒ x = y-3. 
 
So putting threads together, we have y = x-3 or x = y-3. 

And we can put them this way, too: x3y = 1 or y3x = 1. 
 
So first, x3y = 1 ⇒ (x3y – 1)(y3x – 1) = 0. 

And next, y3x = 1 ⇒ (x3y – 1)(y3x – 1) = 0. 
 
 
6.  Show that log3 2 is not a rational number. 
 
Assuming log3 2 is a rational number, we can set log3 2 = m/n where m and n are 
integers prime to each other. 
 
Then, by the definition for logs, we get 2 = 3m/n. So we get 2n = 3m, which is not possible, 
because 2n is even, but 3m is odd. 
 
So it is not the case where 2n = 3m, which means it cannot be the case where we can set 
log3 2 = m/n where m and n are integers prime to each other, which means log3 2 is not a 
rational number. 


