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Examples A on Logarithms

0. Assuming 11.2% = 0.0112° = 1000, show this: 1—% =1.
a

log x—log 2

1. Solve the equation as follows. log 252 = >

2. Suppose that a, b, and ¢ > 0, but # 1. Suppose also, that ¢ = ab, and that a* = b’ = ¢%.

Xy
X+y

Then, show this: z =

3. Assuming 9% = 45, log,3=1+,and (34i53)t =105, find t, and then, put t in terms of a
and b.



Suggestions or Solutions
To the Problem in the Example 0

Assuming 11.2% = 0.0112" = 1000, show this: l—% =1.
a
We can put the problem in this way, too: 11.2% = 0.0112° = 1000 = 1-l=1

In other words, “By means of 11.2% = 0.0112" = 1000, showi-1=1."

So we get to show the equality+ -+ =1 using a fact that 11.2° = 0.0112° = 1000. How?

We can extract a and b from the fact. Then, we put them into the right hand side of the
equality, and do the algebra. How do we extract them, though?

Applying logs to the fact, we get

log 11.2% = log 0.0112° = log 1000 = a log 11.2 = b log 0.0112 = log 1000 = log 10° = 3.

1_logil2 .\ 3 1 log0.0112

Soweget a=

’

= andb=——=
logll.2 a 3 log0.0112 b 3

Thus, L 1 _10g11.2 10g0.0112 _ (log11.2-l0g0.0112) _ log 545 _ 1og1000 _

= 1.
a b 3 3 3 3 3

Note that i—%=1<:> b—-a=ab,whereaand b #0.
a

Thus, we can show b —a = ab instead if it is easier.
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Now, what if we have 23% = 0.0023° = 10000 instead of 11.2% = 0.0112° = 1000?

H 1_1_
We still get - —+=1.

How about 3.5% = 350° = 100?

H 1_1_
We still get ——+-=1, too.

What then, if 12.5% = 1.25° = 10?

We get ~—+ =1, still. Noticed the pattern?



Suggestions or Solutions
To the Problem in the Example 1

_ log x—log 2

Solve the following equation. IogXT*2 5

log 252 = 10221002 — 40 £ = 210g 52 = log % = (%52)° =
= (X-2P2=2X=>X—AX+4=2X=>X*—6X +4=0=x=3++/5.

Both x = 3++/5 and x = 3—+/5 > 0, 50 both are allowed for log x.

x=3—/5 = %52 = 352 _ 185 < 50 x = 3—+/5 s not allowed for log%2.

X =3++/5 =252 = 3052 _ 1455 5 0 50 x = 3+ /5 s allowed for log52.

Therefore, x = 3++/5.
If not quite sure of the idea behind the processes above, follow the steps below.

Such an equation as above can be called a log equation.

Hardly, we can directly solve log equations.

Normally, we remove log signs first, or begin with a substitution.
In this problem, we can remove log signs first.

Removing log signs in this case, we can get an ordinary algebraic equation for x.

log x—log 2 _ —2\2 —2)2
=202 = 2log %52 = log x —log 2 = log(%52) :Iog§:>(XT2) =X,

x=2 _
log*5= = 2

Of course, we can put it this way, too:

log x—log 2

5 :%(Iogx—logZ):%loggzIog\/%.
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Thus, we get

Ing;Z Iogx IogZ \/in 2 \/7:(x42) g

So the last equation above is just a quadratic equation, yet after solving the equation, we
want to check to see if all the roots are OK.

That is because negative cases can get involved due to the squaring operation done at the
stage where X2 = [x.

2_
Expanding the left hand side in (x-2)" _g,we get X XA ;lx+4.
2_
ThUS,Weget—X jx+4=§:x2—4x+4:2x:>x2—6x+4:0.

The left hand side doesn’t simply get factorized to a form of (x — a)(x — b).
So using the quadratic formula, we get x = 3++/5.

Since both 3++/5 and 3—+/5 >0, they have no problem with log x. However, we want
to make sure if both are fine with IogXT*Z, too.

x =3++/5 = log %2 = log 3”25‘2 =log 1+f , which means it’s OK, because 15 > 0.

x=3-5= log %52 = log 3‘\/5 2 =log L5 5 \which means it’s not OK, because =5 5 <o,

Therefore, the solution isx =3 +«/§.



Suggestions or Solutions
To the Problem in the Example 2

Suppose that a, b, and ¢ > 0, but # 1. Suppose also, that ¢ = ab, and that a* = b’ = ¢*.

Xy
X+y

Then, show this: z =

Setting first, a* = b’ = ¢* = k, we get

loga*=log b’ =logc’=logk = xloga=ylogh=1zlogc=log k.

Iogk,y:Iogk’andzzlogk'
loga logb logc

Thus, we get x =

2
SoWe get Xy = logk logk _ (logk) .
loga logh (loga)(logh)

logk logk loak (logh+loga) (logk)(logab)

Andx+y=——-+ = = _
loga logb (loga)(logb)  (loga)(logb)

2
Thus, we get —2— = (logk)”  (loga)(logb) _ logk
x+Yy (loga)(logh) (logk)(logab) logab

And we have z =||Oik, and ¢ = ab, too.

ogc
Thus,wegetz=M= logk ,SOwe get z = Xy
logc logab X+Yy

If not quite sure of the idea behind the processes above, follow the steps below.

What we want to show is of course, under the assumption that a, b, and ¢ >0, but = 1
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And we get to show the equality z = % using a fact that a* = b’ = ¢’ where ¢ = ab. How?

We can put each of x, y, and z in terms of a, b, and c. Then, we put each of them into the
equality, and do the algebra. How do we get a, b, and c, though?

We don’t actually get a, b, and c, themselves. What then do we get?

We can extract logs of a, b, and ¢ from the fact given, which is the equality a* = b’ = ¢/,
then we put each of x, y, and z in terms of the logs. So let’s extract them now.

We may want to first, set a* = b’ = ¢* = k so that we can readily refer to the fact.
Then, we can extract them applying logs to the fact. So applying logs to the fact, we get

loga*=logb’=logc’=logk = xloga=ylogh=1zlogc=log k.

log k y_Iogk and z log k

Thus, we get x = Y= :
loga logh logc

Now, we can put each of x, y, and z into the equality where z = 2L

X
X+Yy

logk logk _ (logk)?
loga logb (loga)(logh)

To begin with, we get xy =

Next, we get

y = log k N logk _logk 1 N 1 _logk (logb+loga) _ (logk)(logab)

loga logb loga loghb (loga)(logb)  (loga)(logb) -
Xy _ Xy 1 _ (logk)? _(loga)(logb) _ logk

X+Yy x+y (loga)(logh) (logk)(logab) logab’

Thus, we get



And we have z =M, and c = ab, too.
logc

Thus, we get z = logk = logk ,SO We can see this: z = X
logc logab X+Yy

In short:
Setting first, a* = b’ = ¢* = k, we get

loga*=log b’ =logc’=1logk = xloga=ylogh=1zlogc=log k.

loga " logh logc
logk logk _ (logk)®
loga logb (loga)(logh)

So we get xy =

And X + y= M+M =loak (lOg b+ |Og a) _ (lOg k)(lOg ab)
loga logh (loga)(logh)  (loga)(logb)

xy _ (logk)®  (loga)(logh) _ logk
x+y (loga)(logb) (logk)(logab) logab’

Thus, we get

And we have z :M, and ¢ = ab, too.
logc

Thus, we get z =M=%,sowe get z= Xy .
logc logab X+Yy
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Suggestions or Solutions
To the Problem in the Example 3

Assuming 9%** = 45, log,3=1+, and (3;1;453)t =105, find t, and then, put tin terms of a
and b.

_ log105 i log105

log 33 " log343—log45’

log(24)' = 10g 105 = tlog 3 = log 105 = t

log5+1og9

9a+1:45:> |Og 9a+1: IOg 45:>(a+ 1)'099: |Og5+ |og9:> a+l= |Ogg

azlois:mi:ﬂazloiszlogs& And log,3=4= -5 =10g, 7.
log9 2log3 log 3 &

And we have 105 = 3-5.7, 343 = 7°, and 45 = 3°5.  So we get
log 105 = log (3-5-7) = log 3 + log 5 + log 7, log 343 = log 7% = 3 log 7, and

log45=1og 5+ 2log 3.

log105 _ log3+log5+log7  log;3+log;5+log, 7
log343—-1log45 3log7-log5-2log3 3log;7-log;5-2log, 3

Thus, we gett =

_ 1+log;5+log; 7  1+2a+b
3log;7-log;5-2 3b-2a-2

If not quite sure of the idea behind the processes above, follow the steps below.

We can readily find t. Finding t though, is just one thing, and putting it in terms of a and
b is another.



10

Applying logs to the equation for t where (%)t =105, we get

Iog 105 i log105

og 38 " log343-log45’

Iog(343) log105 = tlog 32 = log105 =

And of course, by the definition for logs, we can gett = Iog% 105, which is however, no

other than

log105 , because we have log., 105 = log105

log 343 —1log 45 B log 32

Now, we need to put t in terms of a and b, so we may want to get a and b, first. How?

We are given two facts, one is an equation for a, and the other is an equation for b.

So solving the equations for a and b respectively, we can get a and b.

Thus, beginning with a, we get 9%*! = 45 = log 9*** = log 45
| | | | | |
= (a+1)log9=1log5+log9=a+1= Oglig;’ggza_ °glig§99—1 %:a Iggg

Next, moving on to b, we get log; 3={ = b=1-—=log, 7, where the base is 3.

log5 _ log5 _ log5 log5 _
So we may want to put a in this way: a = Tg9 = Tog3” _—2|0g3:>2a Tog3 =log, 5.

log5 log;5 log;5

Of course, we can put it this way, too: a = =
log9 log,;9 2

=log, 5.

log5 _ log,5
How do we get Togd = Tog. 3" though?
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We will see how to get it shortly. So let’s see for now, what we can do about t.

log105

We have t = .
log 343 —1log 45

So it is made of logs, where the antilogs are 105, 343, and 45.
Thus, we may want to see what the antilogs are composed of. How though?

Factorizing the antilogs, we can readily see the components.

We have 105 = 3-5.7, 343 = 7°, and 45 = 3°5.  So we can see these:

log 105 = log (3-5-7) = log 3 + log 5 + log 7, log 343 = log 7° = 3 log 7, and
log45=1log 5+ 2 log 3.

log105 ~ log3+log5+log7  log3+log5+log7

Thus, we get t = = = :
log343—-1log45 3log7-(log5+2log3) 3log7-log5-2log3

log3+log5+log7

Now, we have t =
3log7-log5-2log 3

,2a=1ogs; 5,and b =logs 7.

log x
09X  ogz log, x

=gz _
logy 237 log,y

log5 _ log;5

Besides, we have log9 — Tog, 9’

, too. (So we get as well.)

log3+log5+log7
3log7-log5—-2log3’

Thus, dividing by log 3 both the numerator and denominator in

log; 3+log;5+log; 7 1+log;5+1log, 7

we get t = = :
3log; 7-log;5-2log; 3 3log, 7—-logy5-2

1+log;5+log; 7  1+2a+b

Thus, we get t = = _
3log; 7-log;5-2 3b-2a-2
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In short:
Iog(343) log105 = tlog 32 = log105 = _log 13(4)35 =St= log105 :
0g-: log 343 —1log 45
9**1 = 45 = log 9*** = log 45 = (a + 1)log 9 = log 5 + log 9 = a+1:%
_log5 _ log® =2a= logd =log;5. And log,3=¢=> ;5 =1l0g,7.
log9 2log3 log 3 7
And we have 105 = 3.5.7, 343 = 7°, and 45 = 3°5.  So we get
log 105 = log (3-5-7) = log 3 + log 5 + log 7, log 343 = log 7° = 3 log 7, and
log45=1log5+2log 3.
log 105 _ log3+log5+log7  log;3+log;5+log;7

Thus, we gett = =
log343—-log45 3log7-log5-2log3 3log;7—-log;5—-2log,3

_ 1+log;5+log; 7  1+2a+b
3log,7-log;5-2 3b-2a-2




