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Examples B on Logarithms

0.0. Assuming that (log xy)? = (log x)(log y) + log x — log y — 1, find the value of xy.

0.1. Assuming that ab, bc, and ca > 0, and that (log ac)(log bc) + 1 = 0 is an equation
for ¢, find an additional condition on a and b so that the equation has real roots.

1. Suppose an equation for x, (log 2x)(log 3x) = -a* has two real roots. Then:
1.0. Find the extent of a.

1.1. Find the value of the product of the roots.

2. Solve the following equation for x.

u X
( )Iooj g1l where u = (log x — log x” + 10)* where v = log x.
10 X



Suggestions or Solutions
To the Problem 0 in the Example 0

Assuming that (log xy)? = (log x)(log y) + log x — log y — 1, find the value of xy.

Setting u = log x and v = log y, we get

(log xy)? = (log x + log y)? = (log x)(log y) + log x — log y — 1
S U+v)i=uw+u-v-1=>u’+2uv+v?=uv+u-v-1

=ul+uv-u+v+vV:+1=0.

Taking the final equation above as an equation for u, we can get a quadratic equation
as follows. > + (V= 1)u+Vv? +v+1=0.

Since the equaion above needs to have real roots, we need to have
D=(v-1)>-4(*+v+1)>0.

And simplifying the expression above, and rewriting the result, we can get

D=V —2v+1-4V—4v—4=-3V"-6v—-3=-3(V+2v+1)=-3(v+1)>>0
=>v=-1=logy=-1

Thus, y = 10,
Next,v=-1=u?+(V-1Lu+vV+v+1=u’-2u+1=(u-1)°%=0.
Sou=1,andthus, logx=1=x=10. Therefore, xy = 1.

If not quite sure of the idea behind the processes above, follow the steps below.

We have two unknowns, which are x and y, so we need to have two equations, but are
given one equation only. It’s OK, though, in this case. Why?
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The equation given is quadratic. Working with a quadratic equation, we often take from
the equation a special value or expression, which is intrinsic to an equation quadratic.

And the value or expression is called the discriminant, usually denoted by D.

Suppose that we have an equation for x as follows: ax? + bx + ¢ = 0 where a, b, and c are
constant. Then, the discriminant D = b® — 4ac. If in particular, b = 2k, that is, b is even,
we often set: D/4 =k —ac. What then is the discriminant about?

It is in fact, what’s inside the square root sign in the quadratic formula, which is below.

_ —b++/b? —4ac

b+/D
2a

X 5 . Thus, the formula can be put this way, too: x = for short.
a
o o .. —k£+Kk?-ac ,
And if b = 2k, we can put it this way, too: x=———————_ That’s because we get
a
‘e -b++yb®-4ac -2k ++4k®-4dac -2k +2vk®-ac -k £\k®-ac
B 2a - 2a - 2a B a '

And we know what’s inside the square root sign is > 0 if the root is real.
Therefore, if a quadratic equation has real roots, the discriminant D has to be > 0.

If D =0, the equation has a double root, which is ;—Z.

If D <0, the equation has no real root.

—b++/b? —4ac

And if D > 0, the equation has two different real roots, which are =
a

Since we have a log equation however, we want to check what’s inside the log, too.
That is, we want to consider the requirement on logarithms as follows.

e The antilog and the base in a log have to be positive, but the base cannot be 1.



Now, rewriting the equation given, we can have better look at the equation.
And rewriting it, we can begin with, for simplicity, setting u = log x, and v =log y.

Then, we get (log xy)? = (log x + log y)? = (log x)(log y) + log x — log y — 1

S U+v)yl=uv+tu-v-1l=u’+2uv+v¥=uv+u-v-1

= u+uv—u+v+v+1=0. Whatthen?

We can now take the last equation above as an equation for u, and put it the way below.

u?+ (v—1)u +v? + v+ 1 =0, which is a quadratic equation for u. So?

If the equation has the solution, the solution has to be real.
That is, the equation needs to have a real root.
And since the equation above needs to have a real root, the discriminant D has to be > 0.

That is, we need this: D = (v — 1)> = 4-1-(v* + v + 1) > 0.

Meanwhile,
D=V —2v+1-4v—4v—4=-3v*—6v-3=-3(v*+2v+1)=-3(v+1)>

So unless v = -1, we get D = -3(v + 1)> < 0, that is, D < 0, which is not what we want.
What then do we need to have?
We need to have v =log y = -1, since we need to have D > 0.

a a,m _ _1 _
So by the definition for logs, we gety =10~ = % =0.1. How?

We know log y = logioy, and the definition for logs is A = b* <> x = log, A.

So by the definition for logs, we can gety = 10" < -1 = logyoy = logy = log 10™.

What then is the next?
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We want to get the value of u so that we can get the value of x, since we set: u = log X.

So next, going back to the equation u® + (v — 1)u + v* +v + 1 = 0, since v = -1, we get
2 2 — .2 - 2 _

u+(v-Lu+vi+v+l=u"-2u+1=(u-1)=0.

So we get u =1, and thus, we get log x = 1 = x = 10.

Therefore, xy = 1.

In short:
Setting u = log x and v = log y, we get

(log xy)? = (log x + log y)? = (log x)(log y) + log x — log y — 1
S U+v)i=zuw+u-v-1l=u?+2uv+vV?=uv+u-v-1

= Uu+uv-u+v+vV+1=0.

Taking the final equation above as an equation for u, we can get a quadratic equation as
follows. u?+ (v—1)u + v+ v+ 1 =0.

Since the equaion above needs to have real roots, we need to have
D=(v-1)2-4(\*+v+1)20.

Expanding the expression above, we get

D=V —2v+1-4—4v—4=-3V*-6v—-3=-3(V+2v+1)=-3(v+1)>>0
=>v=-1=logy=-1

Thus, y =10,
Next,v=-1=>u?+(V-Lu+vV?+v+1=u’-2u+1=(u-1)°=0.

Sou =1, and thus, log x = 1 = x = 10. Therefore, xy = 1.



Suggestions or Solutions
To the Problem 1 in the Example 0

Assuming that ab, bc, and ca > 0, and that (log ac)(log bc) + 1 = 0 is an equation for
¢, find an additional condition on a and b so that the equation has real roots.

(log ac)(log bc) + 1 =(loga +log c)(logb + log c) + 1.

Setting u = log a, v=log b, and w = log ¢, we get

(U+wW)(vV+w)+1=w?+(Uu+Vv)W+uv+1=0.

Since the equation above needs to have real roots, the discriminant D > 0.
Taking thus, the discriminant D, and setting it to be > 0, we get
D=(u+Vv)?-4uv+1)=u’+2uv+V—4uv—-4=u’=2uv+Vv> =4 = (u-Vv)’ =4 >0.

Soweget(U-V)’24=u-v<-2,0ru—-v>2.

We have u—-v=1loga-logb = log$. Thus, we get log< < -2, or log<> 2.
Therefore (by the definition for logs), we get 2 <107, or £>10°.

If not quite sure of the idea behind the processes above, follow the steps below.

To begin with, what do we mean by an equation with real roots?

The equation is probably quadratic, so it is very likely that we work with its discriminant.
How can we see though, it’s a quadratic equation?

We can begin with expanding the left hand side of the equation given so that we can see
better the unknown c.
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Then, we get (log ac)(log bc) + 1 = (loga + log ¢)(logb +logc) + 1 =0.

And next, since the equation above is an equation for c, taking a and b as constants, and
taking log c as the unknown, we can take the equation as a quadratic equation for log c.

Setting in fact, u = log a, v =log b, and w = log ¢, we get a quadratic equation for w as
follows. (U+W)(v+w) +1=w?+ (u+Vv)w+uv+1=0.

Since the equation above needs to have real roots, the discriminant D > 0. So we get

D=(u+Vv)?-4uv+1)=u’+2uv+V—4uv—-4=u’=2uv+Vv> =4 = (u-Vv) -4 >0.
Thus, we get (U—Vv)’>4=u-Vv<-2,0ru—v>2.

Now, since we have u = log a, and v =log b, we get u —v =log a - log b = log 2.
So we get log2 <-2,0r log2>2. Therefore, we get 2<107?,0r 2>10%

We can put it this way, too: 100a < b, or a > 100b.

In short:

(log ac)(log bc) + 1 = (log a + log c)(log b + log ¢) + 1.

Setting u = log a, v=log b, and w = log ¢, we get

(U+w)v+w)+1=w’+Uu+Vv)w+uv+1=0.

Since the equation above needs to have real roots, the discriminant D > 0.
Taking thus, the discriminant D, and setting it to be > 0, we get
D=(u+v)’—4(uv+1)=u?+2uv+v?—4uv-4=u?-2uv+v* -4 = (u-v)’-4>0.

Sowe get (U-V)’>4=>u—-V<-2,0ru—v>2.

We have u-v=loga-logb=logé. Thus, we get log< <-2,or log<> 2.

i -2 2
Therefore (by the definition for logs), we get 2 <107, or 2>10".



Suggestions or Solutions
To the Problem 0 in the Example 1

Assuming an equation for x, (log 2x)(log 3x) = -a* has two real roots, find the extent
of a.

(log 2x)(log 3x) = (log 2 + log x)(log 3 + log x)
= (log x) + (log 2 + log 3)(log x) + (log 2)(log 3) = -a°.

Thus, setting u = log x, we get u? + (log 6)u + (log 2)(log 3) + a> = 0.

The equation above is a quadratic for u, and has two real roots, so the discriminant D > 0.
So we get D = (log 6)* — 4(log 2)(log 3) — 4a* > 0.

Meanwhile, log 6 = log 3 + log 2 = (log 6) = (log 3)* + 2(log 3)(log 2) + (log 2)°.

Thus, D = (log 6)? — 4(log 2)(log 3) — 4a* = (log 3)? — 2(log 3)(log 2) + (log 2)* — 4a®

= (log3-log2)* —4a’ = (log 3)* —4a’ = (log £ + 2a)(log £ - 2a) > 0.
Therefore, —log3 <2a <log2 = -1log2 <a<ilog3 = Iog\/% <a< Iog\/g.
If not quite sure of the idea behind the processes above, follow the steps below.

The equation given is similar in structure to the one in the previous example.
So we can expect that the equation is quadratic with respect to log x.

So let’s begin with expanding the left hand side so that we can expose the equation.
(log 2x)(log 3x) = (log 2 + log x)(log 3 + log x)

= (log x)* + (log 2 + log 3)(log x) + (log 2)(log 3) = -a°
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Next, setting u = log x, we get u® + (log 6)u + (log 2)(log 3) + a* = 0.

Now, the equation is a quadratic for u, and has to have two real roots, so the
discriminant D is not > 0 but > 0.

So we get D = (log 6)° — 4-1-{(log 2)(log 3) + a*} = (log 6)* — 4(log 2)(log 3) — 4a* > 0.

Now, we could fill in the answer sheet the way as follows.

(log 6)? — 4(log 2)(log 3) — 4a > 0 = 4a’ < (log 6)* — 4(log 2)(log 3)

_ g2 < (10g6)° —4(;09 2)(log3)

. J(log6)? —42(Iog 2)(log3) __ _ J(log6)? —42(Iog 2)(log3)

What if however, the test is multiple-choice, and the last expression above doesn’t show

up in the list of choices, but the list has —log \/% <a<log % instead?

Notice that log 6 = log (3-2) = log 3 + log 2.
So we get (log 6) = (log 3 + log 2)* = (log 3) + 2(log 3)(log 2) + (log 2)°.
Thus, D = (log 6) — 4(log 2)(log 3) — 4a” = (log 3)? — 2(log 3)(log 2) + (log 2)? - 4a®

2 2 2 2
=(log3-log2)° —4a“ = (log3)“ —4a“ = (log 3 + 2a)(log 2 - 2a) > 0.

1 1
So we get-log3 < 2a <log2 = -1log2 <a<ilog=-log(3)’ <a<ilog(3)-.
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Therefore, we can see this: - Iog\/g <a<log \/g

Besides, we can put it this way, too: log \/% <a<log \E

That’s because -log \/g =log(2)? =log(2): =log \/%

In short:
(log 2x)(log 3x) = (log 2 + log x)(log 3 + log X)

= (log x)2 + (log 2 + log 3)(log x) + (log 2)(log 3) = -a’.

Thus, setting u = log x, we get u? + (log 6)u + (log 2)(log 3) + a® = 0.
The equation above is a quadratic for u, and has two real roots, so the discriminant D > 0.

So we get D = (log 6)* — 4(log 2)(log 3) — 4a* > 0.
Meanwhile, log 6 = log 3 + log 2 = (log 6)? = (log 3)* + 2(log 3)(log 2) + (log 2)?.

Thus, D = (log 6) — 4(log 2)(log 3) — 4a” = (log 3)? — 2(log 3)(log 2) + (log 2)* - 4a®
= (log3—-log 2)* —4a’ = (log$)* - 4a* = (log 2 + 2a)(log £ — 2a) > 0.

Therefore, we get

—Iog%<2a<Iog%:—%log%<a<%log%:>Iog\/%<a<log\/§.
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Suggestions or Solutions
To the Problem 1 in the Example 1

Assuming an equation for x, (log 2x)(log 3x) = -a* has two real roots, find the value
of the product of the roots.

Setting u = log x, we get u? + (log 6)u + (log 2)(log 3) + a = 0.
Suppose that s and t are the two roots for the equation above.
Then, (U—s)(u+t)=0=u?—(s+tu+st=0. Thus,s+t=-log 6 =log 6.

We have u = log x, too.
So we get log x = s or t = x = 10° or 10"

Therefore, the product is 10°10" = 10%*' =10'°9¢" =6 =

o=

If not quite sure of the idea behind the processes above, follow the steps below.

Setting u = log x, we get u® + (log 6)u + (log 2)(log 3) + a* = 0.
We don’t even know however, the values of the roots for the equation above.

We can’t get the actual values of the roots unless the value of a is chosen. In fact, the
actual values of the true roots are the values of x that can satisfy the original equation.

Thus, it is even more impossible to get the actual values. So not even knowing those
values, how can we get the value of the product of the true roots?

Examining the coefficients however, we could get the product or sum of the roots.

For this equation, we can get the value of the product without knowing the values of the
true roots.
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Suppose that s and t are the two roots for the equation for u above.
Then, u=sort. Thus, we get (U—s)(u+1t) =0 = u?=(s+t)u+st=0.
So we can see that -(s + t) = log 6, and that st = (log 2)(log 3) + a*.

Thus, we get s + t = -log 6 = log 6. What then is the next?

We have u = log X, too. So we get log x = s or t. Thus, we get x = 10° or 10",

So we get 10°10" = 10°* as the product of the two true roots.

We have s + t = log 6, t00. So the product is 10°*' =10'%9%" =6* = 1 How?

Assuming y = b'°% A and applying log, to both sides of the equality, we get

log, y = log, b'°%* = (log, A)(log, b) = log, A.

Thus, we get logp y = logy A, S0 we gety = A.

Now, taking b = 10, we get

109" =671 since log 6™ is a common log, and thus, is the same as logio 6.



Examples B on Logarithms 13

Suggestions or Solutions
To the Problem in the Example 2

Solve the following equation for x.

u X
(10)1(0()] - 10920 where u = (log X' - log x” + 10)* where v = log x.
X

1.

( X )u = log10” _ xlog10 —IoglO:lz(m%)u =1=u=0o0r

10 % X 10100 -

So first, 10%00 —1= x =10'",

Next, u = 0= (log x" - log x” + 10)* = 0 = log x" - log x” + 10 = 0.
Sov =log x = log x' - log x" + 10 = v log x — 7 log x + 10 = (log x)* - 7 log x + 10 = 0.
Thus, (log x —5)(log x —2) =0 = log x =5 or 2 = x = 10° or 10°.

Therefore, x = 10, 10°, or 102,

If not quite sure of the idea behind the processes above, follow the steps below.

This example looks awfully complicated, doesn’t it?
Quite often however, the solution to such a problem is pretty simple.

Examining the equation, we can notice that the right hand side simply reduces to 1.

X u
We can have °21% = X920 _ |og10=1. Thus, we can see that (10%) =1.
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Thus, we simply get u = 0, or 10%: 1. Sowe get x = 10* for now.

Let’s next, get this one done: u = 0.
We have u = (log x" - log x” + 10)°.

Since u = 0, we simply get log x' — log X’ + 10 =0. We have v = log x, too. So?

We can get log x - log x” + 10 = v log x — 7 log x + 10 = (log x)* - 7 log x + 10 = 0.
So we get (log x — 5)(log x — 2) = 0 = log x = 5 or 2 = x = 10° or 10%.

Therefore, x = 10*%, 10°, or 102,

In short:

1.

x \Y _ log10* _ xlogl0
10100 - -

u
~ ” _Ioglozlz(m%) =1l=u=0o0r 10100=

X

So fiI’St, 10—100 =l=x= 10100.

Next, u = 0= (log x" - log x” + 10)* = 0 = log x" - log x" + 10 = 0.
Sov =log x=>log x* —log x” + 10 = v log x — 7 log x + 10 = (log x)* - 7 log x + 10 = 0.
Thus, (log x —5)(log x —2) =0 = log x =5 or 2 = x = 10° or 10°.

Therefore, x = 10, 10°, or 102,



