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Examples in Circles and Angles

0. Put the angles below in radians.

0 30° 1. 45° 2. 60° 3. 90° 4. 120°
5. 180° 6. 270° 7. 360° 8. 405° 9. 775°

(Note that the examples below are for those students who want to take courses in
calculus in university level.)

Suppose two vectors are turning in the x-y plane, and turn about the origin, of course,
and both turn in the same direction. So for instance, turning counterclockwise, they keep
turning counterclockwise only.

1. Suppose now, one vector is in the second quadrant, and the angle made is €. What

quadrant then, the other vector has to be in if the angle made isg?

2. Suppose again, the angle made by one vector is 6, but this time, the angle made by
the other vector is 66.

Suppose also, they are in a straight line, and indicate opposite directions, that is, the
angle between the two is . Then,

2.0. find the angle 6. 2.1. Find the angle #assuming 0 < 9<%.

Suppose this time, they are in a straight line, but indicate the same direction, that is, the
angle between the two is 0. Then,

2.2. find the angle 8. 2.3. Find the angle @assuming 0 < 0<%.

Suppose this time, they are symmetric about the y-axis. Then,

2.4. find the angle 6. 2.5. Find the angle #assuming 0 < 9<%.

Suppose this time, they are symmetric about the x-axis. Then,

2.6. find the angle 6. 2.7. Find the angle @assuming 0 < 0<%.



Suggestions or Solutions
Problems 0

To begin with, by definition, we have 180° = x rad.

And normally, rad is omitted, so in short, we just set 180° = .

And we know 180 degrees is 180 of 1 degrees, that is, 180° is 180 of 1°.
In other words, we have 180 - 1° = .

So next, putting 1° in radian, we get 1° :é.

And next, we can put an angle A° this way: A - 1°.  And we know 1° :ﬁ.

Sowecanget A°=A.1°= Aizin, which is in radians.
180 180

That is to say that we get A° :%n. Thus, we can get these:

0. 300="0 =17 1 aso= A1 7
80 6 6 180 4 4
2 OO_E _1 = 3 900_2 O
180 3 3 180 2 2
4. 120°=2.60°=2.%=2% 5. 180° =209 1 = 1.
3 3 180
6. 270°=3.90°=3.%=" 7. 360°=00 o
2 2 180

8. 405°=360° + 45° = 21t +%: 97”.

9. 7750 = 775 - 155 - 1557
180 36

, which equals 4 +£.
36
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Suggestions or Solutions
Problem 1

Two vectors are turning about the origin in the x-y plane. And both turn in the
same direction. One vector is now, in the second quadrant, and the angle made is 6.

In what quadrant then the other vector has to be if the angle made is Q?

Assuming first,%< a<m, and setting = 2nz + a where n is an integer > 0,

0 2nr+a a T . a .z
we get —= =nn :
2 2 2 4 2 2

Thus, if nis odd, it is in the third quadrant.
If however, n is even, it is in the first quadrant.

Assuming next, —377[ <a<-x, and setting = 2nzn + a where n is an integer <0,

6 _2nr+a a 3r _a_ =&
we get —= =nn+—,and——<—<-—,
2 2 2 4 2 2

Thus, if nis odd, it is in the first quadrant.
If however, n is even, it is in the third quadrant.

If not quite sure of the idea behind the processes above, follow the steps below.

To begin with, can we just set %< @< =, since the vector is in the second quadrant?

We don’t know how many complete turns the vector in the second quadrant has made
before it made the angle €. Also, we don’t know in what direction it turns, that is, we
don’t know if it turns counterclockwise or not. How then can we set the angle &?

We can have two cases where the vectors turn counterclockwise, and they turn
clockwise. So suppose first, the vectors turn counterclockwise.
Then first, making a complete turn, the angle made by the vector is 2.



Next, if the vector is in the second quadrant, the angle between the vector and the x-axis

on the right of the origin is between%and .

Fig. 1.0

So assumlngE< a <m, we want to set #= 2nx + a where n is an integer > 0.

How then can we set the other angle made by the other vector?

The angle made isg, and we have 8= 2nn + a.

So g:2n7z+a: n+i. And we knowZ < a < . So we get Z<3<£.
2 2 2 2 4 2 2

. a .
That is to say that > IS an acute angle.

In what quadrant then is the other vector if n is odd?

If nis odd, so if for instance, n = 1, we get gz T +%, so it’s in the third quadrant, and
ifn=3, we getgz 3n +%, so it’s in the third quadrant again. If however, n is not odd,
so for instance, if n = 0, we get 2:%, so it’s in the first quadrant, and if n = 2 or 4, we

get gz 21 +%, or gz 4in +%, so it’s in the first quadrant again.

Thus, if nis odd, it is in the third quadrant. And if n is not odd, it is in the first quadrant.
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Suppose next, the vectors turn clockwise.
Then first, making a complete turn, the angle made by the vector is -2x.
Next, if the vector is in the second quadrant, the angle between the vector and the x-axis

on the right of the origin is between —%rand -Tt.

Fig. 1.1

So assuming—?’?” <a<-m, we want to set 8= 2nz + a where n is an integer < 0.

How then can we set the other angle made by the other vector?

0_2n7z+a_n a

The angle made isg, and we have d=2nt+a. So 2= 3 T+—.
And we know—3—”<a<-n. So we get—3—”<3<—£.
2 4 2 2

That is to say that % is an obtuse angle negative.

In what quadrant then is the other vector if n is odd?

If n is odd, so for instance, if n = -1, we get gz -7 +%, so it’s in the first quadrant, and
if n = -3, we get 9. -3n +%, so it’s in the first quadrant again. If however, n is not odd,
so for instance, if n = 0, we get gzg, so it’s in the third quadrant, and if n = -2 or -4,

we get 9. -21 +%, or 9. -4 +3, so it’s in the third quadrant again.

Thus, if nis odd, it is in the first quadrant. And if n is not odd, it is in the third quadrant.



Suggestions or Solutions
Problems 0 and 1 2

Two vectors are turning about the origin in the x-y plane. And both turn in the
same direction. Suppose now, the angle made by one vector is 6, the angle made by
the other vector is 68, and they are in a straight line, and indicate opposite
directions, that is, the angle between the two is ©. Then,

2.0. find the angle 6. 2.1. Find the angle #assuming 0 < 8< w/2.

Assuming first, the vectors turn counterclockwise, and thus, setting 66— 8=2nn + «t

2n+)7x
5

for n integer > 0, we get 5= (2n + 1)t = 6= for n integer > 0.

And assuming next, the vectors turn clockwise, and thus, setting 8- 66 = 2nx + &t for

2n+)x
5)

n integer > 0, we get-50=(2n + 1)t = 6=— for n integer > 0.

Next, assuming 0 < @< w/2, we want to use 8=  forn integer > 0, since @is

(2n+1)
5

positive, so we get 0 <

@q/zzw(2n+1)n<5n/2:>0<2n+1<5/2

=-1<2n<3/2=-1/2<n<3/4=n=0since nisan integer > 0.

Thus, the angle @is /5 if 0 < < n/2.

If not quite sure of the idea behind the processes above, follow the steps below.

To begin with, can we just set 66— @ = =, since the angle between the two vectors is ©?

We don’t know how many complete turns one vector has made before it made the angle
6. Also, we don’t know how many complete turns the other vector has made before it
made the angle 66. How then can we set the difference between the two angles made?
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Unlike the previous example, the direction of turning does not really matter.
What matters is the difference between the two angles made, and it is =.

And we don’t know how many complete turns each vector made before each angle is
made. What we know is though, the fact that making a complete turn, the angle made by
each vector is 2.

So assuming the vectors turn counterclockwise, we can set the difference the way as
follows. 66— @= 2nx + = for n integer > 0.

0= 2n+)x
5

Thus, we get 5= (2n + 1)t = for n integer > 0.

And next, assuming the vectors turn clockwise, we can set the difference the way as
follows. 8- 66 = 2nx + = for n integer > 0.

_(@n+Yx

Then, we get-50=(2n + )t = 6= for n integer > 0.

And next, we want to find the angle #assuming 0 < &< m/2.

Then, the angle @is positive, so we want to consider the case where the vectors turn
counterclockwise.

2n+)7x

We have 8= ,and 0 < @< m/2.

(2n+1

Soweget0<T)”<n/2:>0<(2n+1)n<5n/2:>0<2n+1<5/2

=-1<2n<3/2=-1/2<n<3/4=n=0since nisan integer > 0.

Thus, the angle @is /5 if 0 < < n/2.



Suggestions or Solutions
Problems 2 and 3 2

Two vectors are turning about the origin in the x-y plane. And both turn in the
same direction. Suppose now, the angle made by one vector is 6, the angle made by
the other vector is 68, and they are in a straight line, and indicate the same
directions, that is, the angle between the two is 0. Then,

2.2. find the angle 6. 2.3. Find the angle #assuming 0 < @< m/2.

Assuming first, the vectors turn counterclockwise, and thus, setting 66— 8= 2nz for n
integer > 0, we get 50=2nn = azznTﬂfor n integer > 0.

Assuming next, the vectors turn clockwise; thus, setting #— 66 = 2nr for n integer > 0,
we get-560=2nnt = Hz—znTﬁfor n integer > 0.

And next, assuming 0 < @< n/2, we want to use = 2nn/5, since the angle @is

positive, so we get 0 <2n?7[< m2=0<2nt<5n/2=0<2n<52=0<n<5/4

= n =1since nis an integer > 0.

Thus, the angle @is 2rn/5 if 0 < < 7/2.

If not quite sure of the idea behind the processes above, follow the steps below.

To begin with, can we just set 68— 6= 0, since the angle between the two vectors is 0?

We don’t know how many complete turns one vector has made before it made the angle
6. Also, we don’t know how many complete turns the other vector has made before it
made the angle 66. How then can we set the difference between the two angles made?
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As in the case of the previous example, what matters is the difference between the two
angles made, and it is 0.

Fig. 2.1

And since the angle between the two is 0, we can also say that the angle between the two
is 2. And we don’t know how many complete turns each vector made before each angle
is made. What we know is though, the fact that making a complete turn, the angle made
by each vector is 2.

So assuming the vectors turn counterclockwise, we can set the difference the way as
follows. 66— 8= 2nx for n integer > 0.

Thus, we get 5= 2nt = ezznTﬂfor n integer > 0.

And next, assuming the vectors turn clockwise, we can set the difference the way as
follows. 8- 668 = 2nx for n integer > 0.

Then, we get -58=2nt = az—mTﬂfor n integer > 0.

And next, we want to find the angle #assuming 0 < @< n/2.

Then, the angle @is positive, so we want to consider the case where the vectors turn
counterclockwise.

We have 0:2%[, and 0 < @< /2.

Soweget0<2nT”<n/2:>O<2nn<5n/2:>0<2n<5/2:>O<n<5/4:>n:1,

since n is an integer > 0.

Thus, the angle @is 2w/5 if 0 < @< w/2.
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Suggestions or Solutions
Problems 4 and 5 2

Two vectors are turning about the origin in the x-y plane. And both turn in the
same direction. Suppose now, the angle made by one vector is 6, the angle made by
the other vector is 68, and they are symmetric about the y-axis. Then,

2.4. find the angle 6. 2.5. Find the angle 8assuming 0 < < /2.

Assuming first, the vectors turn counterclockwise, and n is an integer > 0,
we can set #+ 66 = 2nw + © or 2nw + 3, since the angles are positive.
Meanwhile, 2nmt + © = (2n + D)m,
and2nm+3n=2nt+2n+n=2(n+1)xm+ t={2(n + 1) + 1}m.

And we know 2n + 1 is an integer odd, and {2(n + 1) + 1} is an integer odd, too.
So we can set @+ 668= (2n + 1)z for n integer > 0.
Thus, we get 7= (2n + D)t = 8= (2n + 1)7n/7.

Assuming next, the vectors turn clockwise, since the angles are negative,
we can set #+ 66 = -(2nx + =) or -(2nw + 3m).

Meanwhile, -(2nzt + ) = -(2n + 1)x, and -(2nw + 3w) = -(2n7 + 21 + )
=-2n+n+n}=-{2(n+1) + 1}n.

And we know 2n + 1 is an integer odd, and so is {2(n + 1) + 1}.
So we can set 8+ 68=-(2n + 1)x for n integer > 0.
@2n+)z

7

M, since the angle @is positive,

Thus, we get 78=-(2n + 1)x = 0=—
Next, assuming 0 < @< 7/2, we use 8=

sowe get0 <w

<tR2=0<@n+1)r<7n/2=0<2n+1<7/2

=-1<2n<5/2=-1/2<n<5/4=n=0o0r1,since nisan integer > 0.
Thus, the angle @is ©/7 or 3n/7 if 0 < < 7/2.
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If not quite sure of the idea behind the processes above, follow the steps below.

We can have two cases where the two vectors are symmetric about the y-axis.

o
34

E
<

Let’s begin with the case where the vectors turn counterclockwise.
Then first, in the graph on the left, we can see that a + b = =.

Next, in the graph on the right, we can see thata = = + ¢, and b = 2z — ¢, and thus, we
getatb=(n+c)+ (2n-c) = 3m.

And we don’t know how many complete turns each of the vectors has made.
So taking the sum of the two angles #and 66, and assuming n is an integer > 0, we can
put it the way as follows: 8+ 66 = 2nn + 1t or 2nx + 3.

However, we can put the sum the way below.
2ne+n=02n+ 1), and2nt+3n=2nt+2n+w=2(n+ )n+n={2(n + 1) + 1}n.

Thus, we get 8+ 660=(2n + L)wor {2(n + 1) + 1}w. So what?
We know 2n + 1 is an integer odd, and {2(n + 1) + 1} is an integer odd, too.

So we can simply put the sum the way as follows: 8+ 66 = (2n + 1)= for n integer > 0.
_(2n+Y)x

=

And let’s next, move on to the case where the vectors turn clockwise.

Then, to begin with, we can put some angles the way as follows.

Thus, we get 7= (2n+ 1)t = 8
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Then first, in the graph on the right, we can see thata + b = -m.

Next, in the graph on the left, we can see that a = -(x + ¢), and b = -(2z — ¢), and thus,
wegeta+b=-(n+c)-(2n-c)=-3x.

And we don’t know how many complete turns each of the vectors has made.
So taking the sum of the two angles #and 66, and assuming n is an integer > 0, we can
put it the way as follows: 8+ 66 = -(2nw + x) or -(2nxw + 37).

And we can put the sum the way below.
-(2nm + ) =-(2n + 1)w, and -(2nw + 37n) = -(2n® + 27 + )
=-{2(n+)n+ 7} =-{2(n+1) + 1}n.

Thus, we get 8+ 660=-(2n + 1)m or -{2(n + 1) + 1}m.
And we know 2n + 1 is an integer odd, and {2(n + 1) + 1} is an integer odd, too.

So we can simply put the sum the way as follows: 8+ 66 = -(2n + 1)z for n integer > 0.

@2n+)r

Thus, we get 760=-(2n + 1)n => f=— -
And next, we want to find the angle #assuming 0 < &< n/2.

Then, the angle @is positive, so we want to consider the case where the vectors turn
counterclockwise.
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We have 8= (2n + 1)n/7,and 0 < 8< 1/2.

Soweget0<

w<n/2:>0<(2n+1)n<7n/2:>0<2n+1<7/2

=-1<2n<5/2=-1/2<n<5/4=n=0o0r1sincenisan integer > 0.

Thus, the angle @is w/7 or 3n/7 if 0 < < 1/2.

In short:
Assuming first, the vectors turn counterclockwise, and n is an integer > 0, we can set

@+ 66=2nn+mor2nt +3n. Meanwhile, 2nmt + = (2n + 1),

and2nm+3n=2nt+2n+n=2(n+1)x+ t={2(n + 1) + 1}m.

And we know 2n + 1 is an integer odd, and {2(n + 1) + 1} is an integer odd, too.
So we can set @+ 68= (2n + 1)x for n integer > 0.

_(2n+) 7

=

Assuming next, the vectors turn clockwise,

we can set 8+ 66=-(2nx + =) or -(2nw + 3x).

Thus, we get 7= (2n+ 1)t = 6

Meanwhile, -(2nzt + ©t) = -(2n + )&, and -(2nwt + 3w) = -(2N7 + 2% + )
=-2n+n+x}=-2(n+1) + 1}n.

And we know 2n + 1 is an integer odd, and so is {2(n + 1) + 1}.
So we can set @+ 66=-(2n + 1)x for n integer > 0.
2n+)x

Thus, we get 760=-(2n + 1)n => f=— -

And next, assuming 0 < §< m/2, we want to use p=2n+D7

, since the angle @is
positive,sowe get0< 2n+ D)n/7<n/2=>0<(2n+ )n<7n/2=0<2n+1<7/2

=-1<2n<5/2=-1/2<n<5/4=n=0o0r1sincenisan integer > 0.

Thus, the angle @is n/7 or 3=/7 if 0 < < 7w/2.

13
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Suggestions or Solutions
Problems 6 and 7 2

Suppose two vectors are turning in the x-y plane, and they turn about the origin, of
course. Suppose now, the angle made by one vector is 6, the angle made by the
other vector is 66, and they are symmetric about the x-axis. Then,

2.6. find the angle 4. 2.7. Find the angle #assuming 0 < @< m/2.

Assuming first, the vectors turn counterclockwise, and n is an integer > 0,
we can set 8+ 66=2nn + 2.

And we know 2n is an integer even, and so is 2.

Sowe get 76=2nt = 0:2n7”for n integer > 0.

Assuming next, the vectors turn clockwise, we can set 8+ 66 =-(2nn + 27).
And we know 2n is an integer even, and so is 2.

Soweget76=-2nt = 0:——227[ for n integer > 0.
. 2N .
Thus, putting threads together, we get Q:Tfor n integer.
Next, assuming 0 < @< r/2, we want to use 9:2n7”for n integer > 0, since the angle

@is positive, so we get 0 <2nTﬁ <mR=0<2Nn<7n/2=>0<2n<7/2

= 0<n<7/4=n=1sincenisan integer > 0.

Thus, the angle @is 2rn/7 if 0 < < 7/2.

If not quite sure of the idea behind the processes above, follow the steps below.

As in the case of the previous example, we can have two cases where the two vectors are
symmetric about the x-axis.
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Let’s begin with the case where the vectors turn counterclockwise.
Then first, in the graph on the left, we can see that b = 2t — a, so we geta + b = 2.

Next, in the graph on the right, we can see thata = —c, and b = & + ¢, and thus, we get
atb=(xr-c)+(m+c)=2m.

And we don’t know how many complete turns each of the vectors has made.

So taking the sum of the two angles #and 66, and assuming n is an integer > 0, we can
put it the way as follows: 8+ 66 =2nzn + 2x.

And we know: 2n is an integer even, and 2 is an integer even, too.

So we can simply put the sum the way as follows: 8+ 68 = 2nx for n integer > 0.

Thus, we get 76=2nt = ¢9=2n77[for n integer > 0.

And let’s next, move on to the case where the vectors turn clockwise.
Then, to begin with, we can put some angles the way below.
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Then first, in the graph on the right, we can see that a + b = -2x.
Next, in the graph on the left, assuming c is an angle positive, we can see this:

a=-m+c,andb=-nt-c,andthus,wegeta+b=-n+c-n-c=-2m.

And we don’t know how many complete turns each of the vectors has made.
So taking the sum of the two angles #and 66, and assuming n is an integer > 0, we can
put it the way as follows: 8+ 68=-2nn — 2 = -(2n7 + 27).

And we know 2n is an integer even, and so is 2, of course.
So we can simply put the sum the way as follows: 8+ 68 = 2nx for n integer < 0.

Thus, we get 76=2nt = ezznTﬂfor n integer < 0.

Now, putting threads together, we have

2n . . .
:Tﬁfor n integer > 0 if the vectors turn counterclockwise.

BzznTﬁfor n integer < 0 if the vectors turn clockwise.

. L 2n . .
So either way, we can put it this way: B:Tﬂwhere n is an integer.

That’s because the statement that n is an integer means that n can be positive, 0, or
negative.
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And if n > 0, the vectors turn counterclockwise, and if n < 0, the vectors turn clockwise.
What if n = 0 though?

If n=0, we get =0, and thus, 66 =0, too.

In that case, the two vectors both are on the x-axis, which means technically, the two
vectors are symmetric about the x-axis.

Next, we want to find the angle #assuming 0 < < /2.
Then, the angle @is positive, so we want to consider the case where the vectors turn
counterclockwise.

We have 0:2n7ﬂ, and 0 < @< m/2. So we get

0<2nTﬁ<n/2:>0<2nn<7n/2:>0<2n<7/2:>0<n<7/4

= n = 1since nis an integer > 0.

Thus, the angle @is 27/7 if 0 < < /2.

In short:

Assuming first, the vectors turn counterclockwise, and n is an integer > 0,
we can set 8+ 660= 2nm + 27.
And we know 2n is an integer even, and so is 2.

Soweget760=2nt = 9:2n7”for n integer > 0.

Assuming next, the vectors turn clockwise, we can set 8+ 66=-(2nz + 2m).

And we know 2n is an integer even, and so is 2.

Soweget 70=-2nt = az—znTﬁfor n integer > 0.
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Thus, putting threads together, we get 0:2n7ﬂfor n integer.
And next, assuming 0 < < w/2, we want to use ezznTﬂfor n integer > 0, since the

angle @is positive, so we get 0 <2nT7[ <n2=0<2Nt<7n/2=>0<2n<7/2

= 0<n<7/4=n=1sincenisan integer > 0.

Thus, the angle @is 27/7 if 0 < < /2.



