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Examples 1 in The Cosine Rule

Doing all these examples, refer to the triangle ABC below.

C

Fig. 0 b a

0. Showthat0 <A< w2 = a’<b’+c

1. Showthat /2 < A < m =>a’> b’ + ¢?

2. Assuming A = n/3, b = 40, and ¢ =20(+/3 +1), find a, B, and C.

3. Assuming a=+/6,b=2+/3,and ¢ =3++/3,find A, B, and C.



Suggestions or Solutions
Problem 0

Show that 0 < A < nt/2 = a’ < b? + ¢? for the triangle ABC below.

C

Fig. 0.0 b a

We have a2 = b? + ¢ — 2bc cos A.
Also, we have bc > 0,and 0 < A< /2 = cos A > 0.
Sowe getb?+c?—a’=2bccos A>0=b?+c?—a’>0=b?+c?>a’

Thus, we get 0 < A < /2 = a® < b? + c%.
If not quite sure of the idea behind the processes above, follow the steps below.
The relation given looks like the triangle inequality, and the inequality says
atb>c,b+c>aorc+b>a.

The inequality does not though, explain the relation given.

We have however, a trig identity that shows a relation between the squares of the sides
of a triangle. What then is the trig identity?
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It is the cosine rule, where

a’>=Db?+c?-2bc cos A, b? = ¢? + a®— 2ca cos B, or ¢c2 = a% + b? — 2ab cos C.

So using the cosine rule, along with 0 < A < 7/2, we can begin with an equation below.

a’>=b? + ¢® - 2bc cos A.
And next, we can put it this way: b* + ¢* — a = 2bc cos A.
Also, we know that 0 < A < /2 = cos A > 0, and that bc > 0 sinceb>0and ¢ > 0.

So we get b® + ¢* — a® = 2bc cos A > 0.
That is to say that we can get b? + ¢?—a®>0. Thus, we get b® + ¢* > a°.

Soweget0<A<m/2=a’<b?+ci

In short:

We have a” = b? + ¢? — 2bc cos A.

Also, we have bc >0, and 0 < A< w/2 = cos A > 0.

Sowe geth?+c?—a’=2bccosA>0=b’+c?—a’>0=h?+c?>a’.

Thus, we get 0 < A < /2 = a® < b? + %
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Suggestions or Solutions
Problem 1

Show that ©/2 < A < Tt = a* > b? + ¢ for the triangle ABC below.

C
Fig. 1.0

We have a2 = b? + ¢ — 2bc cos A.
Also, we have bc >0, and n/2 < A< = cos A< 0.
Sowe geth?+c?—a’=2bccosA<0=b’+c?—a’<0=h?+c?<a’

Thus, we get /2 < A <t = a > b? + c2.

If not quite sure of the idea behind the processes above, follow the steps below.

This example is no other than the example 0 covered earlier.

So we can use again, the cosine rule, where
a’>=b?+¢®-2bc cos A, b? = ¢® + a® — 2ca cos B, or ¢2 = a% + b? — 2ab cos C.

Using thus, the cosine rule, along with 0 < A < r/2, we can begin with an equation as
follows: a? = b? + ¢? — 2bc cos A.
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And next, we can put it this way again: b? + ¢® —a® = 2bc cos A. What then?

We know that n/2 < A < = cos A <0, and that bc > 0.
So we get b® + ¢* — a® = 2bc cos A < 0.
That is, we can get b? + ¢ —a® < 0. Thus, we get b® + ¢? < a°.

Sowegetn/2 <A<m=a’>b?+c’

In short:

We have a? = b® + c¢? — 2bc cos A.

Also, we have bc >0, and /2 < A<m = cos A<0.
Sowegeth’+c’—a’=2bccosA<0=>b’+c?-a’<0=>b’+c?<a’

Thus, we get /2 < A< =>a’ > b® + c%



Suggestions or Solutions
Problem 2

Find a, B, and C assuming A = /3, b =40, and c = 20(J§+1) for the triangle ABC as
follows.

C

Fig. 2.0 b a

a? = b? + ¢ — 2bc cos A = a® = 40% + 20%(+/3 +1)?— 2-40- 20(~/3 +1) cos n/3
= 1600 + 400(3 + 24/3 + 1) — 1600 (+/3 +1) -(1/2) = 2400 => a? = 2400 => a =+20+/6.

Sowegeta= 20+/6 since a > 0.

a __b :20JE:40[= 40
sinA sinB = /3 sinB

2

Next, using the sine rule, we get

So we getsinB = i. Thus, we get B = /4 or © — /4 = 3n/4.

V2

Assuming however, B = n© — /4 = 3n/4, we get A + B = /3 + 3n/4 = 13n/12 > x,

which is not possible, because A+ B + C =, and C > 0.

So we get B # 3n/4, and B = n/4.
Andwe have A+B +C=m.
Thus, wegetC=n—-A-B =n-n/3-n/4 =5xn/12.

If not quite sure of the idea behind the processes above, follow the steps below.

To begin with, knowing two angles in a triangle, we can get the other angle, since the
sum of all the three angles is .
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In this case however, we know one angle only, which is A.
So how can we find the other two angles, B and C?

We know the angle A, and two sides, b and c. And we have the sine rule below.

2 _ b _C _9r s
sinA sinB sinC

So finding the side a, we can get the angles B and C both.

How then can we get the side a?

We know that the angle A is between the two sides b and c.
So what can we use to find the side a?

We have the cosine rule, where a” = b? + ¢ — 2bc cos A.
So using the cosine rule, we can get the side a. Using thus, the rule, we get

a% = b? + ¢? - 2bc cos A = a% = 40% + 20%(/3 +1)? = 2-40- 20(+/3 +1) cos 7/3
= 1600 + 400(3 +24/3 + 1) — 1600 (/3 +1) -(1/2) = 1600 + 1600 — 800 = 2400

— a% = 2400 = a =+20+/6.

Sowegeta= 20~/6, since a>0. What then can we do with the value of a?

We can get the value of the angle B using the sine rule.

b 206 40
— == =—.
sinA sinB = /3 sinB

2

Thus next, using the sine rule, we get

206 2-20:243
N = 404/2.

2

And we have
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, =40x/§:>sinB=i.

sinB \/5

So we get 40

Thus, we get B = /4 or m — w/4, since we have sin (t — €) =sin #for 0 < < n/2.
Assuming however, B = © — n/4 = 3n/4, we get A + B = /3 + 3n/4 = 137/12 > &, which

is not possible, since A and B are two angles in the triangle ABC, and the sum of the
three angles in a triangle is &, thatis, A+ B+ C = .

So we get B # 3n/4, and B = n/4.

Thus, since B=n/4,and A=n/3,wegetC=n-A-B =n-n/3 - /4 = 5n/12.
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Suggestions or Solutions
Problem 3

Find A, B, and C assuming a =6,b=2/3,and ¢ =3++/3 for the triangle below.
C

Fig. 3.0 b a

A C B

We have all the three sides in a triangle, but have none of the three angles.

So what can we use to find all the three angles?

We have a formula where an angle in triangle can be expressed in terms of the sides.

What then is the formula?

The formula is in fact, called a rule, and is known as the cosine rule. And the rule says

a’>=b?+¢®-2bc cos A, b? = ¢® + a® — 2ca cos B, and ¢ = a% + b? — 2ab cos C.

Knowing thus, the three sides, we can get all the three angles.

In other words, we can get

b?+c?-a’
a®=b?+c®-2bccos A=>CoOsA=—— "
2bc
2 2 2
c-+a“-b
b’=c’+a’-2cacosB=>cosB=—— .
2ca
a?+b*-c?
c2=a’+hb’-2abcosC=>cosC=——— ",
2ab

Thus, beginning with the angle A, we get

a®=b?+c?-2bccos A= 6=12+ (3+~/3)%=2-24/3(3++/3)cos A
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=12+ 9+6+/3 + 3 (1243 + 12) cos A = 24 +6+/3 -12(x/3 +1) cos A

18+6v3 _ 6(3+3) _V3(/3+1) 3 V3

12(J3+1) 12(3+1) 2(/3+1) 2 = C0sA=

= COS A=

Sowe get A=mn/6. What then is the next?

Next, using the cosine rule again, we get

b?=c?+a’-2cacos B = 12=(3++/3)*+6-2-/6(3++/3)cos B
=6+9+6y/3+3-2(3V6+3v2) cos B =18 +6+3 —6+/2(x/3+1) cos B

6+6v3 _ 6(+3+1) 1

—:>cosB=i.

6x/§(«/§+1)_6\/§(x/§+1)_x/§ V2

= CcosB =

So we get B =w/4. How then can we get C?

We have A + B + C = x, since A, B, and C are the three angles in the triangle ABC, and
the sum of the three angles in a triangle is =.

SowegetC=n-A-B=n-n/6-n/4="Tr/12.



