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Examples 3 in Coordinate Trigonometry

counterclockwise

clockwise

In coordinate trigonometry, the vector turning makes the angles.

If turning clockwise, it makes angles negative, and if counterclockwise, it makes angles
positive. And of course, if no turning, the angle made is 0.

So the angle can be 0° or any angle positive or negative.

In each right triangle, the vector is of length 1, and is the hypotenuse.
And (X, y) is the terminal point, so x is the adjacent, and y is the opposite.

Thus, assuming @is the angle, we get sin 8=y, cos #= X, and tan 021.

X
So if the vector is in the first quadrant, all the three trig ratios > 0, since x and y both > 0.
In the second, only the sines > 0, since x <0, and y > 0.
In the third, only the tangents > 0, since x < 0, and y < 0.
And in the fourth, only the cosines > 0, since x > 0, and y < 0.

0. Find the value of cos {nm + (-1)"(n/6)} where n is an integer.

1. Find the value of cos {nn/2 + (-1)"(n/6)} where n is an integer.



Suggestions or Solutions
Problem 0

Find the value of cos {nn + (-1)"(n/6)} where n is an integer.

The angle depends on the value of n.
So let’s first, put some values into n beginning with 0, and see how the angle changes.

en=0= nn+(-1)"(n/6) = /6.
n=1=nn+(-1)"(n/6) = n — /6 = 51/6.
en=2=nn+(-1)"(n/6) = 2 + /6.
n=3= nn+ (-1)"(n/6) = 3n — 7/6 = 21 + 5n/6.
e N =4=nn+(-1)"(n/6) = 4x + /6.
n=5= nn + (-1)"(n/6) = 57 — 7/6 = 4% + 5n/6.
e N =6= nn+(-1)"(n/6) = 67 + /6.

Now, we can notice that if n = 2k for k integer > 0, all the vectors get the same spot.

Fig. 0.0 y‘
""""""""""""""" So if n = 2k for k integer > 0, all the vectors get
the same spot in the first quadrant.
30"
0o %
Thus, if n = 2k for k integer > 0,
,,,,,,,,,,,,,, the cosine of {nn + (-1)"(w/6)} is the same,

and is the same as cos 7/6, which is 2.

So if n = 2k for k integer > 0, cos {nx + (-1)"(n/6)} = cos n/6 =§.
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Next, we can notice that if n = 2k + 1 for k integer > 0, all the vectors get the same spot
again.

n=1= nn+ (-1)"(n/6) = n — /6 = 5n/6.
n=3= nn+ (-1)"(n/6) = 3n — n/6 = 21 + 5n/6.

n=5= nn + (-1)"(n/6) = 51 — 7/6 = 47t + 5n/6.

Fig. 0.1 A
""""""""""""""" .50 if n =2k + 1 for k integer > 0, all the vectors get
the same spot in the second quadrant.
309 30°
300 D A3 %
‘ Thus, if n = 2k + 1 for k integer > 0,
,,,,,,,,,,,,,,,,,,, the cosine of {nn + (-1)"(n/6)} is the same,

and is the same as cos (5n/6), which is @
That’s because cos (5n/6) = -cos /6

So if n = 2k + 1 for k integer > 0, cos {nx + (-1)"(n/6)} = cos 5n/6 = -cos /6 :-9.

So putting together now, the two cases above, we can put them the way below.

If n = 2k for k integer > 0, cos {nm + (-1)"(n/6)} =2

And if n = 2k + 1 for k integer > 0, cos {nn + (-1)"(n/6)} = %

Next, putting some negative values into n beginning with 0, we get a sequence as
follows.



en=0= nn+(-1)"(n/6) = n/6.
n=-1=nn+ (-1)"(n/6) = -x — /6.
en=-2=nx+(-1)"(n/6) = -2 + 7/6.
n=-3=nn+ (-1)"(n/6) = -3n - /6 = -2x — © — 7/6.
e N =-4=nx+ (-1)"(n/6) = -4n + 7/6.
n=-5=nn+ (-1)"(n/6) = -5x — ©/6 = -4x — & — /6.
en=-6=nx+(-1)"(n/6) = -6m + n/6.

Now, we can notice that if n = 2k for k integer <0, all the vectors get the same spot
again.

A
Fig. 0.2 P So if n = 2k for k integer > 0, all the vectors get
the same spot in the first quadrant.
30
0] >

Thus, if n = 2k for k integer > 0,
the cosine of {nn + (-1)"(w/6)} is the same,

and is the same as cos 7t/6, which is 2.

So if n = 2k for k integer < 0, cos {nx + (-1)"(n/6)} = cos n/6 =2,

Next, we can notice that if n = 2k — 1 for k integer < 0, all the vectors get the same spot
again.
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n=-1=nn+ (-1)"(n/6) = -x — /6.
n=-3=nn+(-1)"(n/6) = -3n - /6 = -2x — © — 7/6.

n=-5= nn+ (-1)"(n/6) = -5x — /6 = -4n — 7 — 7/6.

Fig. 0.3 y‘
""""""""""""""""" . S0 ifn =2k -1 for k integer <0, all the vectors get
the same spot in the second quadrant.
305 \ 30°
30° D X
Thus, if n =2k — 1 for k integer <0,
.......................... the cosine of {nn + (-1)"(w/6)} is the same,

and is the same as cos (-n — ©/6), which is %

That’s because cos (- — t/6) = -cos 1t/6

So if n = 2k — 1 for k integer > 0, cos {nx + (-1)"(n/6)} = cos (-r — ©/6) = -cos n/6 :-é.
So putting together now, the two cases above, we can put them the way below.

If n = 2k for k integer < 0, cos {nx + (-1)"(n/6)} =2
And if n = 2k — 1 for k integer < 0, cos {nm + (-1)"(n/6)} :-é.

Also, we have these:
If n = 2k for k integer > 0, cos {nx + (-1)"(n/6)} =2

And if n = 2k + 1 for k integer > 0, cos {nx + (-1)"(n/6)} = @

And taking a closer look at the case where n = 2k — 1 for k integer < 0, and the case
where n = 2k + 1 for k integer > 0, we can just put both together the way as follows.

n =2k + 1 for k integer How?



If n=2k + 1 for k integer >0, we getn=1, 3,5, 7,9, and so on.
If n =2k -1 for k integer <0, we get n = -1, -3, -5, -7, and so forth.

And if n =2k + 1 for k integer, that is, k=0, 1, -1, 2, -2, 3, -3, 4, -4, etc., we getn =1, 3,
-1,5,-3,7,-5,9,-7, ...

So putting threads together, we get these:

If n = 2k for k integer, cos {nx + (-1)"(n/6)} :é.
And if n = 2k + 1 for k integer, cos {n= + (-1)"(n/6)} :-%

And we can put it the way below, too.

If n = 2k for k integer, cos {nz + (-1)"(n/6)} =2,

And if n = 2k — 1 for k integer, cos {nm + (-1)"(n/6)} =-2.
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Suggestions or Solutions
Problem 1

Find the value of cos {nn/2 + (-1)"(=/6)} where n is an integer.

The angle depends on the value of n.
So let’s first, put some values into n beginning with 0, and see how the angle changes.

e n=0= nn/2 + (-1)"(n/6) = n/6.
n=1= nn/2 + (-1)"(n/6) = n/2 - ©/6 = =/3.
n=2=nn/2 + (-1)"(n/6) = 2n/2 + 7/6 = & + 7/6.
n=3=nn/2 + (-1)"(n/6) = 3n/2 - n/6 = 7 + 7/2 — /6 = & + =/3.
e N =4=nn/2+ (-1)"(n/6) = 4n/2 + /6 = 21 + 7/6.
n=5= nn/2 + (-1)"(n/6) = 5n/2 — 7t/6 = 21 + 7/2 — 7/6 = 21 + w/3.
n=6=> nn/2 + (-1)"(n/6) = 6m/2 + /6 = 2 + 7 + 7/6.
n=7=nu/2 + (-1)"(n/6) = Tn/2 — ©/6 = 21 + 3n/2 — /6 = 25 + ;0 + 7/3.
e N =8= nn/2 + (-1)"(n/6) = 8n/2 + /6 = 4n + 7/6.
n=9= nn/2 + (-1)"(n/6) = 9n/2 — 7/6 = 4 + 7/2 — 7/6 = 47 + w/3.
n =10 = nn/2 + (-1)"(n/6) = 10n/2 + 7/6 = 4n + 7 + 7/6.
n=11= nn/2 + (-1)"(n/6) = 11n/2 — n/6 = 4w + 3n/2 — 7/6 = 4n + 7 + w/3.

e N =12 = nn/2 + (-1)"(n/6) = 127/2 + /6 = 67 + 7/6.



Now, taking a closer look at the sequence of angles above, we can notice that if n = 4k
for k integer > 0, all the vectors get the same spot.

Fig. 1.0

A
""""""""""""""" So if n = 4k for k integer > 0, all the vectors get
the same spot in the first quadrant.
S
0] ) >x
Thus, if n = 4k for k integer > 0,
.......... the cosine of {nn/2 + (-1)"(n/6)} is the same,

and is the same as cos 7/6, which is 2.

So if n = 4k for k integer > 0, cos {nn/2 + (-1)"(n/6)} = cos n/6 =§.

Next, we can notice that if n = 4k + 1 for k integer > 0, all the vectors get the same spot

again.

n=1= nn/2 + (-1)"(n/6) = n/2 — 7/6 = /3.

n=5= nn/2 + (-1)"(n/6) = 5n/2 — 7/6 = 21 + 7/2 — 7/6 = 21 + w/3.

n=9= nn/2 + (-1)"(n/6) = 9n/2 — 7t/6 = 4 + 7/2 — 7/6 = 47 + w/3.

Fig. 1.1

A
""""""""""""""" So if n = 4k + 1 for k integer > 0, all the vectors get
the same spot in the first quadrant.
60°)
o > x
" Thus, if n = 4k + 1 for k integer = 0,
,,,,,,,,,,,,,, the cosine of {nn/2 + (-1)"(n/6)} is the same,

and is the same as cos (n/3), which is 1/2.

So if n = 4k + 1 for k integer > 0, cos {nn/2 + (-1)"(r/6)} = cos n/3 = 1/2.
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Next, we can notice that if n = 4k + 2 for k integer > 0, all the vectors get the same spot
again.

n=2=>nu/2 + (-1)"(n/6) = 2n/2 + 7/6 = & + w/6.
n=6=>nn/2 + (-1)"(n/6) = 6m/2 + /6 = 21 + 7 + 7/6.

n =10 = nn/2 + (-1)"(n/6) = 10n/2 + 7/6 = 4n + &t + /6.

Fig. 1.2 y‘
"""""""""""""" .. S0 if n =4k + 2 for k integer > 0, all the vectors get
the same spot in the third quadrant.
N
302°p X
Thus, if n =4k + 2 for k integer > 0,
............................ the cosine of {nm/2 + (-1)"(w/6)} is the same,

and is the same as cos (rt + 7/6), which is-@.

That’s because cos (rt + ©/6) = -cos n/6 = %

So if n = 4k + 2 for k integer > 0, cos {nm/2 + (-1)"(n/6)} = -cos n/6 =-2.

And next, we can notice that if n = 4k + 3 for k integer > 0, all the vectors get the same
spot again.

n=3=nn/2 + (-1)"(n/6) = 3n/2 - /6 = 7 + 7/]2 — 7/6 = 7w + w/3.
n=7=nn/2+ (-1)"(n/6) = 7n/2 — /6 = 21 + 3n/2 — /6 = 21 + = + /3.

n=11= nn/2 + (-1)"(n/6) = 11n/2 — 7/6 = 4 + 3n/2 — /6 = 4 + 7 + /3.
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Fig. 1.3 L
"""""""""""""""" So if n =4k + 3 for k integer > 0, all the vectors get
the same spot in the third quadrant.

60
N R

505N Thus, if n = 4k + 3 for k integer > 0,
4| the cosine of {nm/2 + (-1)"(w/6)} is the same,

and is the same as cos (x + ©/3), which is -1/2.
That’s because cos (rt + ©/3) = -cos n/3 = -1/2.

So if n = 4k + 3 for k integer > 0, cos {nn/2 + (-1)"(n/6)} = -cos /3 = -1/2.
What if though, k is an integer negative?

Putting some negative values into n beginning with 0, we get a sequence below.
e n=0= nn/2 + (-1)"(n/6) = /6.

n=-1= nn/2 + (-1)"(n/6) = -n/2 — /6 = -27/3.

n=-2= nu/2 + (-1)"(n/6) = -2r/2 + 7/6 = -1 + 7/6.

n=-3=nn/2 + (-1)"(n/6) = -3n/2 — /6 = -n — n/2 — 7/6 = - — 27/3.
o N =-4=nn/2 + (-1)"(n/6) = -4n/2 + 1/6 = -27 + 7/6.

n=-5=nn/2 + (-1)"(n/6) = -5n/2 — /6 = -2 — 7/2 — /6 = -21 — 27/3.

n=-6 = nu/2 + (-1)"(n/6) = -6n/2 + ©/6 = -2 — 7t + /6.

n=-7=nn/2 + (-1)"(n/6) = -7n/2 — 7/6 = -2 — 3n/2 — n/6 = -2 — 7t — 27/3.

e N =-8= nn/2 + (-1)"(n/6) = -8n/2 + n/6 = -4x + 7/6.
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n=-9 = nn/2 + (-1)"(n/6) = -9n/2 — 1/6 = -4n — /2 — 7/6 = -4 — 27/3.

n=-10 = nn/2 + (-1)"(n/6) = -10%/2 + ©/6 = -4 — 7t + /6.

n=-11 = nu/2 + (-1)"(n/6) = -117/2 — 1/6 = -4n + 3n/2 — 7/6 = 41 — 7 — 27/3.
en=-12 = na/2 + (-1)"(n/6) = -121/2 + /6 = -67 + T/6.

Now, taking a closer look at the sequence of angles above, we can notice again, if n = 4k
for k integer < 0, all the vectors get the same spot again.

Fig. 1.4 A
......................... So if n = 4k for k integer < 0, all the vectors get
the same spot in the first quadrant.
30°
o °x
Thus, if n = 4k for k integer <0,
.......... the cosine of {nn/2 + (-1)"(n/6)} is the same,

and is the same as cos 7/6, which is 2.

So if n = 4k for k integer < 0, cos {nn/2 + (-1)"(n/6)} =2,

Next, we can notice that if n = 4k — 1 for k integer < 0, all the vectors get the same spot
again.

n=-1=nn/2 + (-1)"(n/6) = -7/2 — /6 = -27/3.
n=-5= nn/2 + (-1)"(n/6) = -5r/2 — /6 = -2t — /2 — 7/6 = -2 — 27/3.

n=-9 = nn/2 + (-1)"(n/6) = -9n/2 — 1/6 = -4n — /2 — 7/6 = -4 — 27/3.
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Fig. 1.5
b, So if n =4k —1 for k integer <0, all the vectors get
E the same spot in the third quadrant.

Thus, if n = 4k — 1 for k integer > 0,
the cosine of {nm/2 + (-1)"(w/6)} is the same,
and is the same as -cos (n/3), which is -1/2.

So if n = 4k — 1 for k integer < 0, cos {nn/2 + (-1)"(n/6)} = -cos ©/3 = -1/2.

Next, we can notice that if n = 4k — 2 for k integer < 0, all the vectors get the same spot
again.

n=-2=nn/2 + (-1)"(n/6) = -2r/2 + 7/6 = -1 + 7/6.

n=-6 = nn/2 + (-1)"(n/6) = -67/2 + /6 = -2 — 1 + /6.

n=-10 = nn/2 + (-1)"(n/6) = -10%/2 + ©/6 = -47 — 7t + /6.
Fig. 1.6 y

So if n = 4k — 2 for k integer <0, all the vectors get
the same spot in the third quadrant.
\3@°"z

Thus, if n = 4k — 2 for k integer < 0,
the cosine of {nn/2 + (-1)"(n/6)} is the same,
and is the same as cos (-x + 7/6), which is-@

That’s because cos (-n + 7/6) = -cos ©/6 = @

J3

So if n = 4k — 2 for k integer < 0, cos {nn/2 + (-1)"(n/6)} = -cos w/6 ==
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And next, we can notice that if n = 4k — 3 for k integer < 0, all the vectors get the same
spot again.

n=-3=nn/2 + (-1)"(n/6) = -3n/2 — 71/6 = -n — 7/2 — 7/6 = -7 — 27/3.
n=-7= nn/2 + (-1)"(n/6) = -7n/2 — /6 = -21 — 3n/2 — /6 = -21 — ™ — 27/3.
n=-11 = nn/2 + (-1)"(n/6) = -11n/2 — 1/6 = -4n + 3n/2 — 7/6 = -4n — 7 — 27/3.

Fig. 1.7

So if n =4k — 3 for k integer < 0, all the vectors get
- the same spot in the first quadrant.

0 P

And thus, if n = 4k — 3 for k integer <0,

the cosine of {nn/2 + (-1)"(n/6)} is the same,
and is the same as cos (- — 2w/3), which is 1/2.
That’s because cos (-n — 27t/3) = cos ©/3 = 1/2.

Thus, if n = 4k — 3 for k integer < 0, cos {nn/2 + (-1)"(n/6)} = cos /3 = 1/2.

So putting together now, the case where k is greater than or equal to 0, and the case
where K is less than 0, we can put them the way below.

If n = 4k for k integer, cos {nn/2 + (-1)"(n/6)} :é.

If n =4k + 1 for k integer > 0, cos {nn/2 + (-1)"(n/6)} = 1/2.

If n = 4k — 3 for k integer < 0, cos {nn/2 + (-1)"(n/6)} = 1/2.

If n = 4k + 3 for k integer > 0, cos {nn/2 + (-1)"(n/6)} = -1/2.
If n = 4k — 1 for k integer < 0, cos {nn/2 + (-1)"(n/6)} = -1/2.
If n = 4k + 2 for k integer > 0, cos {nn/2 + (-1)"(n/6)} :-%

And if n = 4k — 2 for k integer < 0, cos {nm/2 + (-1)"(n/6)} = @
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However, as in the case of the sine in the Problem 0 in the Example 2, putting together
for instance, the case where n = 4k + 1 for k integer > 0, and the case where n = 4k — 3
for k integer < 0, we can just put both together the way as follows.

n =4k + 1 for k integer

And the same is true, too, for the other cases where we get the same ratios.
So we can put together all the cases above the way below.

If n = 4k for k integer, cos {nn/2 + (-1)"(n/6)} =2,

If n = 4k + 1 for k integer, cos {nm/2 + (-1)"(n/6)} = 1/2.

If n = 4k + 2 for k integer, cos {nm/2 + (-1)"(n/6)} =-2.

And if n = 4k + 3 for k integer, cos {nn/2 + (-1)"(n/6)} = -1/2.

And of course, we can put together all the cases above the way below, too.

If n = 4k for k integer, cos {nn/2 + (-1)"(n/6)} =2,

If n = 4k — 1 for k integer < 0, cos {nm/2 + (-1)"(n/6)} = -1/2.
If n = 4k — 2 for k integer < 0, cos {nm/2 + (-1)"(n/6)} =- 2.

If n = 4k — 3 for k integer < 0, cos {nw/2 + (-1)"(n/6)} = 1/2.

So putting threads together, we want to consider the four cases
where n = 4k, 4k + 1, 4k + 2, and 4k + 3 for k is an integer.



